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Abstract. Local moves have attached much attention in knot theory.
On this speak, we focus on a local move that is called an ST -move and
show that there is a plane band description of it. Moreover we have a
necessary and sufficient condition for a local move to be an extended
ST -move. Here an ST -move is a local move whose two tangle diagrams
are not equal and have no crossings.

1. Definitions

Throughout this paper we work in PL category. We shall study tangles
that were introduced by J. Conway in [1]. Please refer to [1] for details of
tangles. First we begin with some definitions.

Definition 1.1. Let B = {(x, y, z) ∈ R3 |x2 + y2 + z2 ≦ 1} be a unit 3-
ball. Let T = ∪n

i=1ti be a union of n pairwise disjoint arcs ti embedded

properly in B and let ∂T = ∂(∪n
i=1ti) = ∪n

i=1∂ti =
{
(cos j

nπ , sin j
nπ , 0) | j =

1, 2, . . . , 2n
}
. Then (B, T ) is called an n-tangle. An n-tangle (B, T ) is called

to be oriented if each arc ti is oriented (i = 1, 2, . . . , n).

Definition 1.2. Let (B, T ) be an oriented n-tangle and let (D,T ) be a
regular projection of B onto the unit disk D = {(x, y, 0) |x2+y2 ≦ 1}. Then
(D,T ) is called a tangle diagram of (B, T ) where we draw one arc close to a
double point so that it appears to have been cut to express that the arc passes
under the other arc.

Definition 1.3. Let (D1, T1) and (D2, T2) be oriented n-tangle diagrams.
A local move is a pair of tangles (D1, T1) and (D2, T2) with ∂T1 = ∂T2 and
I(∂T1) = I(∂T2). It is denoted by (D1, T1) ↔ (D2, T2), T : T1 ↔ T2 or
simply denoted by T1 ↔ T2.

To describe the equivalence of local moves we shall define an operation,
which is called a braiding operation, as follows.
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Fig. braiding operations (i) and (i)



Definition 1.4. Let (D,T ) be an n-tangle diagram and let (D̃, T̃ ) be the

n-tangle diagram shrunk (D,T ) into D̃ = {(x, y, z) |x2 + y2 + z2 ≦ 1/2}
with T . Let A(i) = ∪n

k=1tk (A(i) = ∪n
k=1tk, resp.) be a union of n pairwise

disjoint arcs tk embedded properly in D \ Int(D̃) for any k ̸= i, i + 1 as
follows (i = 1, 2, . . . , 2n):

∂tk =
{
1/2(cos k

nπ, sin
k
nπ, 0), (cos

k
nπ, sin

k
nπ, 0)

}
,

∂ti =
{
1/2(cos i

nπ, sin
i
nπ, 0), (cos

i+1
n π , sin i+1

n π , 0)
}
,

∂ti+1 =
{
1/2(cos i+1

n π, sin i+1
n π, 0), (cos i

nπ, sin
i
nπ, 0)

}
.

Here the arc ti has only one crossing of upper (lower, resp.) with the arc

ti+1 in the diagram (D \ Int(D̃),∪n
k=1tk) and any arc tk (k ̸= i, i + 1) has

no crossings with the other arcs. Then an operation that transforms (D,T )

into (D,T ′) = (D̃, T̃ ) ∪
∂D̃

(D \ Int(D̃), A(i)) ((D,T ′) = (D̃, T̃ ) ∪
∂D̃

(D \
Int(D̃), A(i)), resp.) is called a braiding operation (i) ((i), resp.) on (D,T )
and we write T ′ = (i)T (T ′ = (i)T , resp.). see Fig.

Definition 1.5. Two local moves T1 : T1 → T ′
1 and T2 : T2 → T ′

2 are
equivalent, denoted by T1 = T2, if there are a finite number of braiding
operations (i1), (i2), · · · , (il) such that T2 = (il) · · · (i2)(i1)(T1) and T ′

2 =
(il) · · · (i2)(i1)(T ′

1) where il = 1, 2, . . . , 2n or 1, 2, . . . , 2n (l = 1, 2, . . . ,m).

In [3], a local move (D1, T1) ↔ (D2, T2) is called an ST -move if the tangle
diagrams (D1, T1) and (D2, T2) are both trivial and not equivalent ([3]). In
this paper, we shall extend ST -moves as follows.

Definition 1.6. A local move T1 : T1 ↔ T ′
1 is called an extended ST (n)-

move if there is a local move T2 : T2 ↔ T ′
2 so that (D2, T2) and (D2, T

′
2) are

both trivial, T1 = T2 and (D2, T2) ̸= (D2, T
′
2). When we take no notice of

the number of arcs in the tangle diagram, an extended ST (n)-move is called
simply an extended ST -move.

Next we shall discuss about band descriptions of a local move. Let m be
a natural number.

Definition 1.7. Let (B, T ) be an oriented n-tangle and T = ∪n
i=1ti. Let Ik

be a copy of the closed unit interval I = [0, 1] and let I2k be oriented where
k = 1, 2, . . . ,m. Let b : ⨿m

k=1I
2
k → B be an embedding from the disjoint union

⨿m
k=1I

2
k of I2k to the ball B as follows: For any k ∈ {1, 2, · · · ,m}, there exist i

and j in {1, 2, · · · , n} such that b(I2k)∩ti = b(Ik×{0}), b(I2k)∩tj = b(Ik×{1})
and b(I2k) ∩ tl = ∅ for any l ̸= i, j ∈ {1, 2, · · · , n} where the orientation of
b(I2k) ∩ ti (b(I

2
k) ∩ tj, resp.) and the orientation of b(Ik × {0}) (b(Ik × {1}),

resp.) are opposite each other. Then the embedding b and b(I2k) are called a
band map on (B, T ) and a band on (B, T ), respectively. The tangle replaced
this image b(⨿m

k=1I
2
k) with b({0, 1}× I1 ∪ · · · ∪ {0, 1}× Im) is called the band

sum of T by b(⨿m
k=1I

2
k) and we write Tb.

Definition 1.8. Let T : T ↔ T ′ be a local move of tangle diagrams T and
T ′. If there exists a band map b : ⨿m

k=1I
2
k → B on (B, T ) such that T ′ = Tb,

then (B, T ∪ b(⨿m
k=1I

2
k)) is called a band description of T → T ′.



If there is a band description of T → T ′, then there is also a band de-
scription of T ′ → T. The pair of their band descriptions is called a band
description of T.

2. Main Theorem

Theorem 1. For any ST -move T, there is a band description (B, T ∪
b(⨿m

k=1I
2
k)) of T so that each band b(Ik) is unknotted and plane where k =

1, 2, . . . ,m.

A band description that is constructed in the proof of Theorem 1 is called
a plane band description.

Theorem 2. A local move T is an extended ST -move if and only if there
is a plane band description of T.
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