The Gordian complex of non-classical
virtual knots by crossing changes
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1 Introduction

KDE 1.1 D & ST, real crossing 7213 T7%: <, virtual crossing £ % D oriented link diagram
% virtual link diagram £\,

real crossing virtual crossing

1.1; real crossing & virtual crossing

1.2 TRIZEIE, (AI~AIIl) % classical Reidemeister move, (BI~BIII, C) %
virtual Reidemeister move £\, T o % F & T generalized Reidemeister move
E\WS. 2 D0 virtual link diagram 234 R[] D generalized Reidemeister move % fiti L TH
DESLE, Tho A TH D LEHT S ([2]). generalized Reidemeister move A3 K9
5 [FAMEBEFRIZ & B virtual link diagram D [F{ERE%Z virtual link &\ 5.,

classical knot K 75 K' ~EJE T 5 DIZ BB crossing change DEH/NEI$% Gordian
distance &\, dg(K, K') TEbT.

Hirasawa-Uchida (3L FOFER %2R L 7=,

Definition 1.1 [1]. classical knot @ Gordian complex G &1, LANIZEWTERINDHH
WD Z L TH 5.

(i) G DIHMEAE, S* WD TR TOD oriented classical knot type TH 5,

(i) G D n+ L EDOTENR {Ko, K1,...,Kp} (& da(Ki, Kj) =1 (i # 4, i, j=0,1,...,n) &
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1.2; generalized Reidemeister move

e E nBEERS, LEETS.

Theorem 1.2 [1]. Gordian complex DfERD 1 Hiff e IZH LT, e 28K E LTH DM
BRIZ @ WRITDHAR o HMFAET 5.

Corollary 1.3 [1]. fEE® classical knot Ky (X U T, Gordian distance dg(K;, K;) =
1 (i #j) 2729 & 5 2 ERE D classical knot Ko, K1, Ko, ... B MF{ET 5.

2N

1.3 @ move & virtual knot diagram (23T real crossing % virtual crossing IZZ 2 %
local move T® b, v-move & XI5 . v-move I virtual knot diagram (23T unknotting
operation TH 5. [4] (ZEWT v-move % H\\ 7z virtual knot @ Gordian complex 2VE#H X 41

TW3,
\ —
1.3; v-move

AFETld virtual knot 1243 % crossing change 2 & % Gordian complex %% 2 5.

virtual knot K, K’ 23H\Z crossing change T2 & &, K 226 K' #1535 DIZHER
crossing change DF/NNAlE % | dg (K, K') THRDT.



Definition 1.4.  virtual knot @ crossing chenge (Z £ % Gordian complex G & 1%, AR IZ
BWTERSI NS RENERDZ L TH D,

(i) G DIHFMESX, virtual knot

(i) G D n+ 1 EDOHEK {Ko, K1,..., K} 1 da(Ki, Kj) =1 (i #j, i, j=0,1,...,n) &
T E n-HKEES, LERTS.

crossing change TH D &9 virtual knot % [Fffi & & A 72 & &, virtual knot (231 5 [Ff#
FPMEREFET 5 ([5]).

ZDLE, ROFERBMES NI,
Theorem 1.5. virtual knot @ crossing change {Z & % Gordian complex DIEFED 0 Bk p
U T, p 280 EERICE DRI S OWRICDBERBEIES S, 2 2T, p PO 0 BRI

non-classical virtual knot TR TE 5.

Corollary 1.6. {EE® virtual knot Ko (24 U T, Gordian distance dg(K;, K;) = 1(i # j,
i,j=1,2,...) 27z 3 & 5 R MERE D non-classical virtual knot Ky, Ko, K3, ... B’ MFET 5.

2 f-polynomial and J(K)

L % virtual link & U, D % L ® virtual link diagram &3 4. Kauffman[2] & virtual link
L DAZEETH S f-polynomial fr(A) ZEHEL7Z. D D% D real crossing %, [ X % K
THD & 512 2 FEFHD 5T splice 5.
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2.1; A-splice & B-splice

D @ state & 1%, D D4 @ real crossing 12 A-splice #* B-splice #8352 &£ 12k >T, D »
513545 virtual link diagram @ Z £ 2\ 5. D ® Kauffman bracket polynomial < D >
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i, ROAXTERZINSD.

< D>= ZA“(S)_b(S)(—A2 _ A_Q)M(S)—l.

SIE D DTRTD state EHEZXD. TNZTND state (ZB VT, a(S) 1% A-splice DIEEL, b(S)
13 B-splice DEEL, 11(S) 1 state S D loop D% K49 . oriented virtual link diagram D I1Z
BT, D @ positive crossing DfEZE A 5 negative crossing DIEE % 5[\ 725 D % writhe &
W w(D) THRDHT. DD f-polynomial &, ROXTEHRINS.

fp(A) = (—A%H™P) < D>

fp(A) I& oriented virtual link L ODAZETH S DT, LN L @ f-polynomial % fr(A) &%
H.

RZNT O NT)., DT)., X(T)., R¥ZNVMTESOMT+S %X22DEIIEHT
%. N(T). D(T) ¥ classical knot Tlk, T ® numerator, denominator & FFIXi1%.

@c@p@@m

N(T) D(T) X(T) T+S
2.2; N(T), D(T), X(T), T + S

N(T + S) @ bracket polynomial {ZDWTRDRWVHKNLT 5.

Lemma 2.1 [4].

< D(S) >
N(T+S)>=(<D(T) > < N(T)><X(T)>)A| < N(S) >
< X(9) >
T,
a B B
A: B « B 9
B B «
o p+1 _ -1 42 —2
G-+ T ey TN A
4
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Kauffman (2L F D virtual knot D RAZ & J(K) 2 &AL 7z

Definition 2.2 [3]. K % oriented virtual link & U, D % K ® oriented virtual link diagram
£9%. C(D) % D O real crossing ®ERDHEE LTS, Odd(D) % RD5AM%i72§ real
crossing DEA L U, Odd(D) D& #EFE % odd crossing & IS

Odd(D):={i€ C(D)[i »6AX—hUTilZR% % Tl L7z real crossing DA G }

J(D) 1% odd crossing DFF 5O E L TEHRZIND.

J(D) = Z sign(i).
i€ 0dd(D)
Theorem 2.3 [3]. J(D) DfElE, generalized Reidemeister move D NTAZTH 5. HIb,
J(D) & virtual knot DAZEETH 5.

LR, J(D) % J(K) £EbdZ 2127 3.

3 Proof of Theorem 1.5

Theorem 1.5 DFEHHIZIZA RO Z WS . Ko % plZxdfind b knot L E X, Ky & Ky, ..., K,
% connected sum U 7z knot #75 X %. crossing 1 T crossing change 3 % & trivial knot (27
D, crossing i T crossing change 35 & K; | (i =2,3,..,n) {Z74£5Z & £ D, Theorem 1.5
DEMEZEFHEZLTWD Z 290 5. virtual knot Ko, Kq,..., K, DT RTHEHRL WS Z
& % f-polynomial % FH\T/R U, classical knot T7Z2\ virtual knot THEE I N TWB Z & %
J(K) Z HHWTRTY.

X 3.1

K, @ f-polynomial D HALKEE, Lemma 2.1 Z FHWTEHHE TS &, —12n+6 L 725DT,
knot type &R THER L. J(K,) DL —2 £ 725 DT, classical knot TZ2\ virtual knot T
Hb.
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72, 525607 knot Ko 78 J(K) Dfi2 % H D & &, connected sum U 7z knot %%, classical
knot D AEEMEAHTL 2D T, FRID & 57 knot K/, 2% 2, EEHRKIZ Ky & connected
sum § 5.

3.7

Z D knot 1% K,, &1 crossing * & crossing 1 T crossing 2272 > TW5. K, &[FBRIZ
# %, crossing 1 T crossing change 3% & trivial knot Td 9. crossing ¢ T crossing change
5L K| | (i=2,3,..,n) {725 DT, Theorem 1.5 DFM% i/ 3. K/ @ f-polynomial
DEALRKEE Lemma 2.1 ZFHWTCEET S5 &, —12n— 10 TH Y, knot type DETRL S, £
72, J(K]) Ol 2 72D T, classical knot TZ2\ virtual knot THIEKE N T W 5.
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