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Main Results
.
Result 1 ([Ito–S. , 2017])
..

.

. ..

.

.

For a given K, for any natural number n andℓ, there exists Kℓn such
that K#Kℓn is GPVn- similar to K.

.
Result 2..

.

. ..

.

.

For a given K, for any natural number n andℓ, there exists Kℓn such
that K#Kℓn is Fn- similar to K.

.
Result 3..
.
. ..

.

.

{v | v = vGPV
i (i ≤ 2n+ 1)} ⊂ {v | v = vF

i (i ≤ n)}
.
Result 4..

.

. ..

.

.

Non-trival Fn invariants of every order exist.
Further, {Fi(1 ≤ i ≤ n+ 1)} is strictly stronger than{Fi(1 ≤ i ≤ n)}.
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Preliminaries Virtual knots and local moves

Virtual knots and local moves

D : a virtual knot diagram

def⇔ D : a knot diagram with

real

and

virtual 

K : a virtual knot
def⇔ K : an eq. class of virtual knot diagrams under GR-moves

4 / 23



Preliminaries Virtual knots and local moves

Virtualization

OF LF

Forbidden moves
.
Fact 1..

.

. ..

.

.

Moves of virtualization are unknotting operations for virtual knots
([Goussarov, Polyak and Viro, ’00]).

.
Fact 2..

.

. ..

.

.

Forbidden moves are unknotting operations for virtual knots
([Kanenobu, ’01], [Nelson, ’01]).
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Preliminaries Virtual knots and local moves

Notation

OF LF

Triangles

Triangles

OF
 
or LF OF

 
or LF

+ - + -
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Preliminaries GPVn-invariant andFn-invariant

.
Definition 3 (GPVn-invariant andFn-invariant)
..

.

. ..

.

.

VK : the set of all virtual knots
G : an abelian group
v : VK → G is a finite-type inv. by virtualization, calledGPVn

(Forbidden moves, calledFn-inv.) of order≤ n
if for any virtual knot diag.D andn+ 1 real crossings (disjoint
triangles) d1,d2, . . . ,dn+1,∑

δ

(−1)|δ|v(Dδ) = 0,

whereδ = (δ1, δ2, . . . , δn+1) runs over (n+ 1)-tuples of 0 or 1,
|δ| = #1’s inδ, andDδ obtained fromD by applying a virtualization
(a forbidden move) to di with δi = 1.

,

OF LF
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

.
Definition 4 (n-trivial, n-similar by virtualization and forbidden
moves, i.e, Virtual ver. for [Ohyama, ’90, Taniyama, ’92])
..

.

. ..

.

.

K, K′ : virtual knots
D : a diag. ofK
K is GPVn-similar / GPVn-trivial (Fn-similar / Fn-trivial) to K′ by Ai

(1 ≤ i ≤ n)
def.⇔ ∃ A1, A2, . . ., An : non-empty sets of real crossings (triangles) of D
s. t.

1 Ai ∩ Aj = ∅ (i , j, ∀i, j),

2 a diagram ofK′/trivial knot is obtained by applying
virtualizations (forbidden moves) to crossings (triangles) in any
non-empty subfamily of{Ai | 1 ≤ i ≤ n}.
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

GPVn-trivial knots andFn-trivial virtual knots

.
Theorem 5 ([Ito–S. , 2017])
..

.

. ..

.

.

For any natural number n andℓ, there exists Kℓn such that Kℓn is a
GPVn-trivial virtual knot.

.
Theorem 6 ([Ito–S. , 2017])
..

.

. ..

.

.

For any natural number n, there exists Kn such that Kn is a Fn-trivial
virtual knot.
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

Relation 1

:= −

Ai := {ci1, ci2, . . . , ciα(i)}.

K

(
1 2 . . . k
i1 i2 . . . ik

)
is a diagram with semi-virtual crossings

obtained from replacing

at


c11, . . . , c1i1−1

c21, . . . , c2i2−1
...

ck1, . . . , ckik−1

and at


c1i1

c2i2
...

ckik

(cf. [Y. Ohyama, ’90]).
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

.
Example 7
..

.

. ..

.

.

c
11

c
12

c
21

c
22

K K(     )1 2
1 1 K(     )1 2

2 1 K(     )1 2
1 2 K(     )1 2

2 2

Examples ofK

(
1 2
i1 i2

)
.
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

Note that = + .

.
Lemma 8..

.

. ..

.

.

If K is GPVn-similar to K′,

vGPV
m (K) = vGPV

m (K′) +
∑

1≤i j≤α(j),1≤j≤n

vGPV
m

(
K

(
1 2 . . . n
i1 i2 . . . in

))
.

.
Corollary 9
..

.

. ..

.

.

If K is GPVn-similar to K′, then

vGPV
m (K) = vGPV

m (K′) (m< n).
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

Relation 2

:= − ,

positive negative

:= − .

positive negative
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Preliminaries GPVn-trivial knots andFn-trivial virtual knots

.
Lemma 10..

.

. ..

.

.

If K is Fn-similar to K′,

vF
m(K) = vF

m(K′) +
∑

1≤ij≤α(j)
1≤j≤n

ε1i1ε2i2 · · · εninv
F
m

(
K

(
1 2 . . . n
i1 i2 . . . in

))
.

.
Corollary 11
..

.

. ..

.

.

If K is Fn-similar to K′, then

vF
m(K) = vF

m(K′) (m< n).
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Main Results

Main Results
.
Result 1 ([Ito–S. , 2017])
..

.

. ..

.

.

For a given K, for any natural number n andℓ, there exists Kℓn such
that K#Kℓn is GPVn- similar to K.

.
Result 2..

.

. ..

.

.

For a given K, for any natural number n andℓ, there exists Kℓn such
that K#Kℓn is Fn- similar to K.

.
Result 3..
.
. ..

.

.

{v | v = vGPV
i (i ≤ 2n+ 1)} ⊂ {v | v = vF

i (i ≤ n)}
.
Result 4..

.

. ..

.

.

Non-trival Fn invariants of every order exist.
Further, {Fi(1 ≤ i ≤ n+ 1)} is strictly stronger than{Fi(1 ≤ i ≤ n)}.
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Main Results GPVn-similarity and GPVn-invariants

GPVn-similarity and GPVn-invariants

…

 -full twist 

K
n

  :

[Kanenobu, ’86, Math. Ann.],
[Ohyama-Ogushi, ’90 , Tokyo J. Math.]

.
Corollary 12
..

.

. ..

.

.

Let m, n be a given pair of positive integers satisfying m≤ n− 1 and
fixed. For any virtual knot K, any positive integerℓ, there exist
infinitely many classical knots Kℓn such that vGPV

m (K#Kℓn) = vGPV
m (K).
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Main Results GPVn-similarity and GPVn-invariants

GPVn-similarity and GPVn-invariants

…

A
1

A
2

A
n-1

A
n

A
3
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.

. ..

.
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Main Results GPVn-similarity and GPVn-invariants

GPVn-similarity and GPVn-invariants

…

 -full twist 

K

K # K
n

  

#

[Kanenobu, ’86, Math. Ann.],
[Ohyama-Ogushi, ’90 , Tokyo J. Math.]

.
Corollary 12
..

.

. ..

.

.

Let m, n be a given pair of positive integers satisfying m≤ n− 1 and
fixed. For any virtual knot K, any positive integerℓ, there exist
infinitely many classical knots Kℓn such that vGPV

m (K#Kℓn) = vGPV
m (K).
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Main Results Fn-similarity andFn-invariants

Fn-similarity andFn-invariants

A : = A−1 := B : = B−1 :=

(cf. [S. Kamada, ’00])

b b

A braidb and its closurêb
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Main Results Fn-similarity andFn-invariants

b(1) = A, b(2) = [B,b(1)],
b(4u− 1) = [B,b(4u− 2)], b(4u) = [A,b(4u− 1)],
b(4u+ 1) = [A,b(4u)], b(4u+ 2) = [B,b(4u+ 1)], (u ≥ 1).

b̂(1) b̂(2) b̂(4u− 1) b̂(4u) b̂(4u+ 1) b̂(4u+ 2)

A

B

A

B-1

A-1

B 

b(4u-2)

B-1 

b(4u-2)-1

A

b(4u-1)

A-1

b(4u-1)-1

A

b(4u)

A-1

b(4u)-1

B 

b(4u+1)

B-1 

b(4u+1)-1
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Main Results Fn-similarity andFn-invariants

b(1) = A, b(2) = [B,b(1)],
b(4u− 1) = [B,b(4u− 2)], b(4u) = [A,b(4u− 1)],
b(4u+ 1) = [A,b(4u)], b(4u+ 2) = [B,b(4u+ 1)], (u ≥ 1).

b̂(1) b̂(2) b̂(4u− 1) b̂(4u) b̂(4u+ 1) b̂(4u+ 2)

A
1

A
2

A
1

A
4u-1

b(4u-2)

b(4u-2)-1

A
4u

b(4u-1)

b(4u-1)-1

A
4u+1

b(4u)

b(4u)-1

A
4u+2

b(4u+1)

b(4u+1)-1
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Main Results Fn-similarity andFn-invariants

b(k)

..
. } -full twist

K

K=[D]

#

b(k)

..
.K

[D # D
n
 ]:=K # K

n

  
K

n

  =[D
n
 ] 

.
Corollary 13
..

.

. ..

.

.

Let m, n be a given pair of positive integers satisfying m≤ n− 1 and
fixed. For any virtual knot K, there existsℓ0, and for any positive
integerℓ (≥ ℓ0), there exist infinitely many virtual knots Kℓn such that
vF

m(K#Kℓn) = vF
m(K).
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Main Results High degree of GPVn-invariant andFn-invariant

High degree of GPVn-invariant andFn-invariant

.
Lemma 14..

.

. ..

.

.

A
1

A
1

A
2

A
1

A
2 

~ 

~ 

A
2 

A
1
A

2

A
1

A
2 

A
1
A

2
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Main Results High degree of GPVn-invariant andFn-invariant

By Lemma14,
K is Fn-similar toK′ ⇒ K is GPV2n-similar toK′.
.
Proposition 15
..
.
. ..

.

.

{v | v = vGPV
i (i ≤ 2n+ 1)} ⊂ {v | v = vF

i (i ≤ n)}

LetP : Polayak algebra, i.e., GPVn-inv. ∈ P∗n.
.
Theorem 16 ([Goussarov, Polyak, Viro, ’00])
..

.

. ..

.

.

Let D be any diagram of a virtual knot K. The formula
K 7→ I (D) ∈ P defines a complete invariant of virtual knots.
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Main Results High degree of GPVn-invariant andFn-invariant

By using Theorem16, we have Result.
.
Result 3..
.
. ..

.

.All Fn invariants define a complete invariant of virtual knots.

.
Theorem 17 ([Chmutov, Khoury, Rossi, ’09])
..

.

. ..

.

.

For n = 1, the coefficient c2n of z2n in the Conway polynomial of a
knot K with the Gauss diagram G is equal to

c2n = ⟨C2n,G⟩.

By the definitions of GPV-inv., Vassiliev inv. and Theorem17, we
have Result.
.
Result 4..

.

. ..

.

.

Non-trival Fn invariants of every order exist.
Further, {Fi(1 ≤ i ≤ n+ 1)} is strictly stronger than{Fi(1 ≤ i ≤ n)}.
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Main Results High degree of GPVn-invariant andFn-invariant

Thank you for your attention.
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