INY RIS U B D cutting#i e
constituent/\> RIVLIEEE VB

Tomo Murao (University of Tsukuba D2)

BB DEHEX
2017/12/26



Outline

§1 T he cutting number and constituent handlebody-

knots

§2 A G-family of quandles

§3 Colorings

§4 Results and examples



§1 T he cutting number and constituent
handlebody-knots

Def

e handlebody-knot : handlebody — S3

00 - @

e Hy, Ho : handlebody-knots

H, = Hy &L 3f : §3 — S3 ori.-pres. homeo. ; f(H;) = H»

e Og4 : trivial handlebody-knot of genus g

PN cl(S3 — Og) : handlebody of genus g




(Y-oriented)

handlebody-knot spatial trivalent graph

Y-orientation



Def
H : handlebody-knot of genus g

e H’ : a constituent hdbdy-knot of H (H’ < H)

&L 3D, : meridian disk of H (1 <4 <1) s.t. H—Nbd(U!_, D;) & H’

e Cut(H) := g — max{ g’ | 10, < H }
, { 3D, : meridian disk of H (1 <1 <) }
= min ¢ [

s.t. H—Nbd(Ut_; D;) £ 0,_
. the cutting number of H

(allow genus 0)

Rmk

Cut(H) <g (Cut(H) =0 <= H : trivial)
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§2 A G-family of quandles

Def

(X, =) : quandle
def

<

Ve,y,z € X,

or x I = T
exx: X — X;a— axx . bijection
o(xxy)xz=(r*xz2)*(yx*z2)

EX
Zi[tT1] : Alexander quandle
with z xy =t + (1 — t)y

Def
X : quandle

typeX:—min{n>0 cxy = (- ((Try) xy) *---xy) = (Vw,yeX)}

n
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Def [Ishii-Iwakiri-Jang-Oshiro]
G . group,

(X, {*7}4ec) : G-family of quandles
def

Vg,h € G,Vx,y,z € X,

exrxdx==u

o x9Ny = (x+9y)xly, zxy==2

o (z+9y)*"z=(x+"2) «hgh (y %" 2)

EX

(X, *) : (Alexander) quandle, k := type X,

— (X,{*[’]}[i]ezk) . Zj-family of (Alexander) quandles
with z ™ y := 2z x™ y = (- ((z*xy) xy) *x---xy)

J

n



handlebody-knot

§3 Colorings

|§3

(Y-oriented)
sp. tri. graph

proj.

diagram



Thm [Ishii]

Dl,DQZ
H, = Hy <— D +—

R1

(R1 ~ R6 moves)

+~—— D

diagrams of handlebody-knots Hy, Ho,

o
.

\
%

N

R6

(preserving Y-orientations)



Def
D : diagram of a handlebody-knot H

G : group
e ¢: A(D) = {arc of D} —- G : G-flow of D
def
= b a b ab
a b—lab
Y
ab a b abed

<= ¢ € Hom(m1(S° — H),G)

e Flow(D; G) := { G-flow of D }
e & € Flow(D;G) : trivial G-flow <<% Tm(¢) = {e}

Rmk

(one of R1 ~ R6 moves)

D1 < > Do

—> V¢1 € Flow(D1;G), T'¢2 € Flow(D2; G) s.t.

¢o coincides with ¢1 except near the point where the move applied.
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Def
(D, ¢) : G-flowed diag. of a hdbdy-knot H, X : G-family of quandles
e C: A(D,¢) = {arc of (D,¢p)} — X : X-coloring of (D, ¢)

<d:ef> Y L X T

a
x x4y

Y CLGG
x x r x,y€eX

e Colx (D, ¢) := {X-coloring of (D, ¢)}
e C € Colx (D, ¢) : trivial coloring &L ¢ : constant map

e ¢ € Flow(D;G) : trivial coloring G-flow

(d:efr VY :G-family of quandle, VC € Coly (D, ¢), C : trivial coloring

e Flowi ivial(D; G) := {¢ € Flow(D; G)|¢ : trivial coloring G-flow}

RmKk

o (D1,¢1) < > (D2, ¢2) = #Colx (D1, ¢p1) = #Colx (D2, ¢p2)
e X : G-family of Alex. gnd., field = Colx (D, ¢) : vec. sp. over X

(R1 ~ R6 moves)

11



§4 Results and examples

Theorem [M]

H, H’ : handlebody-knots of genus g,g’ (¢’ < g)
D : diagram of H

(D', ¢') : G-flowed diagram of H’
X : G-family of Alexander quandles, field

(1) H < H
= J¢ € Flow(D;G) s.t. dimColx(D’,¢’) —dimColx(D,¢) < g—g’

(2) g — log|g| #Flowtrivial(D; G) < Cut(H)
VY :G-fam. of gnd., })

FlOWtrivial(D; G) — ¢ € FlOW(D; G) VC € Coly(D, ¢),
C : trivial coloring
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Proof (2)

n := Cut(H)
1 cut
D DO D e o o -« D = Og n
+1 tunnel

C@@ S Q @

#Flowtrivial(Dn; G) = #Flow(Dp; G) = |G|97"

\\ /wa b
/_ N

Di, ¢3) (Dit+1, Pit1)

¢i+1 S Flowtrivial(Di—l—H G) = @; € FlOWtrivial(Dz‘; G)
. #Flowtivia|(D; G) > #Flowtyivial(Dn; G) = |G]9~™
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Ex1
. +1 e .
X :=Zg[tT"]/(t + 1) : Za-family of Alexander quandles, field

K(=815) : \/ ) H(=5;): A‘eé

!

/,,
\

(D', ¢)
¢’ : Zo-flow of D’ D
dim Colx (D', ¢') = 3 dim Colx (D, ¥6) = 1

V¢ € Flow(D,Zs3), dim Colx(D’,¢’) — dim Colx (D, ¢) = 2
K <L H (- Theorem (1))
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Ex2
X := Za[tT/(#2 + t + 1) : Zz-family of Alexander quandles

V¢ € Flow(Dyg; Zg):non-trivial flow, 3C € Colx (Dg, ¢):non-trivial col.
(i.e. Flowiyivial(Dg;Z3) = {¢ : trivial flow})

o.g < Cut(Hy) (. Theorem (2))

. Cut(Hy) =g
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