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Kauffman bracket polynomials of links

Definition of Kauffman bracket polynomials of links

Let A be the Laurent polynomial ring Z[A, A~]. For each link diagram D,

Kauffman bracket polynomial (D) € A is computed by applying the following rules
repeatedly.

(KB1) (XX )y=A) () +A X))
(KB2) { DITO ) = 6(D), where § = —A? — A=2,
(KB3) <o>:1.
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Kauffman bracket polynomials of links

Rational tangles and continued fractions

For an integer n, we define by [n], ﬁ as follows:

-n n

3

-nNn .\ - n
< <
1 1

[n] [n]
(n<0) (n>0)
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Rational tangles and continued fractions

We consider for the continued fraction expansion of an irreducible fraction g, i.e.
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Conway-Coxeter Friezes Definition and examples of Conway-Coxeter Friezes

Definition of Conway-Coxeter friezes

A Conway-Coxeter Frieze is an array of natural numbers, displayed on shifted lines
such that the top and bottom lines are composed only of 1s and for each unit
diamond:

c

satisfies the determinant condition ad — bc = 1, namely

a b
(c d)ESL(2,Z) a,b,c,d>0
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An example of Conway-Coxeter Friezes
Conway-Coxeter Frieze of type [2R?L
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An example of Conway-Coxeter Friezes
Conway-Coxeter Frieze of type [2R?L

7 1
1

1 ?
1

? 1
1 ?
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An example of Conway-Coxeter Friezes
Conway-Coxeter Frieze of type [2R?L

? 1 ?
1 2

? 1 ?
2 1

7 1 2
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An example of Conway-Coxeter Friezes
Conway-Coxeter Frieze of type [2R?L

3 1 3

? 1 2 ?
3 1 3

? 2 1 ?
3 1 2
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An example of Conway-Coxeter Friezes
Conway-Coxeter Frieze of type [2R?L

1 1 1 1 1 1 1 1 1 1 1 1

2 2 1 4

7 3 1 3 7
10 1 2 5

? 3 1 3 ?
5 2 1 7

? 3 1 2 ?

1 1 1 1 1 1 1 1 1 1 1
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An example of Conway-Coxeter Friezes
Conway-Coxeter Frieze of type [2R?L
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Remark

1973 =

J.H.Conway and H.S.M.Coxeter, , Triangulated polygons and frize pattern, Math.
Gaz.57(1973), no.400, 87-94, no.401, 87-94.

2002 =

S. Fomin and A. Zelevinsky, Cluster algebras. |. Foundations, J. Amer. Math.
Soc. 15 (2002), no. 2, 497-529 (electronic).
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cluster of RLR?LR-type

X1 ?
X2 ?
X3 ?
X4 ?
X5 ?
X6 ?
X7 ?
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cluster of RLR?LR-type

RLR? LR-type:

1 1 1 1 1 1 1 1 1 1
X1 X8
X2 X9
X3 X10
X4 X11
X5 X12
X6 X13
X7 X14
1 1 1 1 1 1 1 1 1 1
Xg = Xz):l? Xo = X22x4+x1>)<<13;>;§><4+x2+1, X10 = %’ X1 = X2X4X)5(:;;(3+X57
Xip = X2X4X52X7+X2X4X5+X3X4X6+X3X5X7+X52X7+X3+X57 X13 = w7 X14 = XsX7+Xg+1
X3X4X6X5 X6 X6 X7

FEUBOEE X 1 Tokyo Woman's Christian Universit
o7

LELCYCENNICTE WY ==+ ) WELEE VATV E - fisp K auffman bracket polynomials of Conway-Coxeter Frie:



cluster of RLR?LR-type
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cluster of RLR?LR-type
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cluster of RLR?LR-type
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cluster of RLR?LR-type

B xg+ 1
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cluster of RLR?LR-type
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cluster of RLR?LR-type
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cluster of RLR?LR-type
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cluster of RLR?LR-type
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cluster of RLR?LR-type
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

For fractions %, 44, 17, 75, associated Kauffman bracket polynomials
(L)) (LG (LG ), (L))
are determlned by using "sin-curve” and " cos-curve through M in CCF(w) as

follows :
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1

FEUBOEE X 1 Tokyo Woman's Christian Universit
o7

LELCYCENNICTE WY ==+ ) WELEE VATV E - fisp K auffman bracket polynomials of Conway-Coxeter Frie:



Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

(S) (©)

1 1 1 1 1 1 1 1 1 1
a
s v
b M d
t u
c
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

(S) Picking up the "sinusoidal” part of the green, bend it at the maximum value
"
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

(S1)Put signature minus — on segment from " M" to the left "1" (
southwest-direction) and signature plus + on segment from " M" to the right " 1"
( southeast-direction).

(S2) Connect three numbers in the above with signature- lines with the following
rule. Draw a line segment so that the number on the vertex above the triangle is
the two numbers on the bottom base and determine signature Extend the line
segment so that positive and negative line segments are output one by one from
the top vertex in accordance with the signs of the right end and the left end.
(S3) On each line segment, replace plus with weight —A* and minus with weight
—A%

(S4 )Compute the product of weights on each path from " M" to the left "1" or
to the right "1".

(S5 )Sum the product of weights on each path from " M" to the left "1" or to the
right "1".

Thus, a Laurent polynomial is obtained, which will be written as (F(w))s
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

Claim1 (I'(w))s coincides with (L(;)).

Claim2 Let (I'(w))2"™°?* be sum of products of each path from "M" to right

1". Then the followings hold.
4—7
(1) (M(w))s == M

(2) )(T (w)ygumerate A=, g
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

(C) Picking up the "cosine curve” part of the blue, bend it at the maximum value
"
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

(C1)Put signature minus — on segment from " M" to the left "1" (
southwest-direction) and signature plus + on segment from " M" to the right " 1"
( southeast-direction).

(C2) Connect three numbers in the above with signature- lines with the following
rule. Draw a line segment so that the number on the vertex above the triangle is
the two numbers on the bottom base and determine signature Extend the line
segment so that positive and negative line segments are output one by one from
the top vertex in accordance with the signs of the right end and the left end.
(C3) On each line segment, replace plus with weight —A* and minus with weight
—A%

(C4 )Compute the product of weights on each path from " M" to the left "1" or
to the right "1".

(C5 )Sum the product of weights on each path from " M" to the left "1” or to the
right "1".

Thus, a Laurent polynomial is obtained, which will be written as (I'(w))c¢
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Main theorem (Recipe of making Kauffman bracket by
using CCF)

Claim3 (I'(w))c coincides with (5)).

Claim4 Let (I'(w))gumerate he sum of products of each path from " M” to right

1". Then the followings hold.
4—7
(1) (T(w))c == M

(2) ) (I (w))pumerate =21,
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Periodicity of CCF

For Conway-Coxeter Frize CCF(w) of word w, if M is maximal integer which

appears in CCF(w). We focus a diamond surrounding M in fundamental domain
D — 1 as follows:

s
7 b
t 19 v
c d
u
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Periodicity of CCF

Then this satisfies the following relations
7T+d=b+c=19

s+t=17,
ut+t=c,
v+u=d,
s+ v =b,
7b—17s =1,
17t —7c =1,
17v — bd =1,
cd—17u=1,

tv —su=1,
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Periodicity of CCF

For CCF of type RL2RL,

1 1 1 1

1 7
1 3 19

-
w
e
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3

1 2
7

12 3
5

2 3

1 1 i 1

1

w
w
L,

1

w
—
o
-

[

1 2 4

D(RIZRL) — 2,

w

w

r

)
=
w

8} ~
o)

[ )
o

—-

) ~
o

D(RL?RL) — 3,

r

w

D(RL*RL) — 4

= D(RL2RL) — 3, D(RL?RL) — 2 = D(RL2RL) — 4
D(RL*RL) — 2 = D(WTsW¥T) — T
D(RL?RL) — 4 = D(WTsW¥r) — T
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Constructing some Laurent polynomials on CCF's

1
1 3
1 2 8
1 5
1 2 3
I} 1 1
1
1
1
1 3
1 2 —
l —
1 — 3
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Constructing some Laurent polynomials on CCF's

1 1
1 1 2
1
1 1 2
1 1
1 2 1
1 1 |
1 1 1 1
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Constructing some Laurent polynomials on CCF's

(+2,—4)
(+3,—3)
(+3,—2)
(+1,—4)
+2,-3)
+2,-3)
(+3,—2)
+3,—1)
+2,—2)
+3,—1)
(+3,—0)
(+0,—4)
+1,—3)
+2,—2)
(+1,—4)
+2,-3)
(+1,—3)
(+2,—2)
(+2,—1)
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Constructing some Laurent polynomials on CCF's

(+2,—4)
(+3,—3)
(+3,—2)
(+1,—4)
+2,-3)
+2,-3)
(+3,-2)
+3,—1)
+2,—2)
+3,—1)
(+3,—0)
(+0,—4)
+1,3)
+2,—2)
(+1,—4)
+2,—3)
(+1,—3)
+2,-2)
+2,—1)
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Constructing some Laurent polynomials on CCF's

For example,

Pathy: 19 =8 — 553 =2 5 [1]

=

Path v: 10 A g A 5 A g AT 5 A

Path 4-monomial :
(“AT) (AT (AT (AT - (AT = (Z1)PPAR = A

In general, for corresponding signature (+p, —qg)each path ~, associate a
monomial as follows: (—1)P*+9A%P—9)
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Definition of (CCF) associated to CCF's

path(CCF) := decreasing path from maximal 19 to (D), or
path(CCF)pumerate := decreasing path from maximal 19 to D

(CCF) := Z (—1)PI+() p*P(1)=9(7))
y€Epath(CCF)

(CCF) pumerate = Z (—1)P+a() A4P(N=a()
vyEpath(CCF)numerate

where p(7), g(y) means number of +'s , —'s respectively in the path .
(cf. [Kogiso and Wakuil,2,2017])
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Example of (CCF)

(CCF(RL?RL)) = —A12 +2A% —3A* + 4 —3A~* +3A78 247124 A6
This (CCF(RL?RL))(A) coincides with Kauffman bracket polynomial of knot

. 7 1
related to a fraction I - &

24—
1
1+ ——

1
24 =

2
Y
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Example of (CCF)

5%

= A2 1 2A8 _3A%* 14 - 3A* + 3478 — 24712 1 A716 — (CCF(RL?RL))(A)
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

Example of (CCF)

(CCF(RL?RL)) = —A2 + 2A% —3A* + 4 —3A %+ 3A"8 —2A"12 4 A°16
<CCF(RL2RI—)>numerate =1- A74 + 2A78 — 2A712 + A716

:>subsutitutc At=—1

(CCF(RL2RL)) A'="1, 19 — denominator of the fraction &

(CCF(RL®RL)) numerate b 7 = numerator of the fraction %

namely,
(CCF(RL*RL)) numerate __ 1-A*42A8 24124 416
(CCF(RL?RL)) T CATR{2AT 3AF14—3A-"13A8_2A 12} A-16

_ —A% LA 24804 1
— AB A% I3AV _4AT6{3ATZ _3AB1DA 1

At=—1 7
% _

19
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

CCF’s and links

Here We note that
7 ﬂ3
11

\\1\7
N \\ﬂ\p ) \\fx\7
| \\ﬂ\”—(b N \\’x\
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

CCF’s and links

E ' RL2RL
N ‘\/’\W’,\ [;;2,1,2,2]

7N

LRL , [0;2,1,2,1]=(0;2,1,3] LRL , [0;2,1,2]
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Main result :Recipe of making Kauffman bracket polynomials by using CCF

CCF’s and links

o i

B . e ] RL:RL
) o A C\’j’f,\,?f\ [0:2,1,2,2]

e
Bt i

|
| RL - deete=

<§§/ \@ AN
AN|
e

LRL ,[0;2,1,2,1]=(0;2,1,3] LRL ,[0;21,2]
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Corresponding CCF to YAT

Method of calculating Kauffman bracket polynomials
associated fractions by using Yamada's ancestor
triangles=YAT

=

YAT fits this model very much!
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Outline of proof of Main theorem

Corresponding CCF to YAT

7/19=4/11#3/8
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Corresponding CCF to YAT

1 1 1 4 1 1 1 1 1 1 1 L
1 4 3 L 2 3 2 1 4 4 1 2 3
1 1L 2 1 5 5 2 L 11 2 1 5
1 3 7 1 2 B 3 1 3 7 1 2 B
1 2 8 3 1 3 7 1 2 3 3 1 3
1 5 5 2 1 1 2 1 5 5 2 1
1 2 3 2 1 4 3 1 2 3 2 1
1 1 1 1 1 1 1 1 1 1 1 1 1

RI?RL — delete =

1 1
L
1
1
1
1 1
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Takeyoshi Kogiso(/NAE &%) (Josai University(#HFE A

Kauffman bracket polynomials of Conway-Coxeter Frie:



Corresponding CCF to YAT

el

L

4/11=1/3#3/8
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1 3 1 2z 3 2 1 3 1 |2 3 E 1
1 [ 3 2 1 5 B 13 2 1 5 s 1
1 2 B 1z 8 12 s 1 2 a 1
1 |5 5 13 2 1 5 s 1 3 2 1
1 2 U 1 3 1 2z 2 1 4 1
i JE E 101 i JE E E 11 1 101
L’RL — delete =
1 i E E E 11 i JE
3 1 2 |3 3 1 1-. 3
a 2 1 5 1 a 2 B 2
1 5 NEE BEREE 1 1 5
1 E 3 1.. 3 1 |2 |3 2 3
I'E E E 1 1 i E EE 1 11
LRL =
1 i B E B E i E E E i1 1
1 3 1 2 |3 1 3 1 2 3 1 3 1
12 2 1 |8 12 @1 s 12 R
1 s i 2 z 1 8 12 i 1 s 1
i E 3 1 3 1 E s 1 i E s 1
I EE E E i E E B E i B E E E
LRL — delete =

FEUBOEE X 1 Tokyo Woman's Christian Universit
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Outline of proof of Main theorem

Corresponding CCF to YAT

(%]

3/8=1/3#2/5
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Corresponding CCF to YAT

1 101 11 A U 1711
2 .. 1-. s 1z W 1-. E E E .. 1.. 3 1 |z
85 2 1+ B : : JE 2 1 B z 1 B 2z 1 BE : 1
Bz 1 : 1 3 1 2 1 3 1 2 1
P U T H W N P U
RL =
1 1 [t 11 11 1 1 1 [t 11
2 1 3 1 |z 1 3 1 |2 1 3 1 |2
2 1 2 1 z 1 2 1 z 1 2 1
E E B 1 3 1 |2 1 3 1 2 1 3
11 1 I 11 1

il 1 1 1 1 1 1 1 1 1 il

L — delete =
E : ' EE : ' EE :@ : BEE :@BH :'EHE E :
2 1 3 1 g . E 1 E | JE 1 1B . JE
@ HE : @B E : - EE . - EE : :HE
@
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Outline of proof of Main theorem

Corresponding CCF to YAT

2/5=1/3#1/2 1/3=0/1#1/2
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Outline of proof of Main theorem

Corresponding CCF to YAT

1/2=0/1 #1/1
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CCF's , Markov tree and Yamada's ancestor triangles

1/0

0/1

7/19
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CCF's , Markov tree and Yamada's ancestor triangles

0/1

7/19
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Outline of proof of Main theorem

CCF's , Markov tree and Yamada's ancestor triangles

Theorem(S.Yamada, 1996)
For A = Z[A, A71],
the map vo¢: Qp U{oo} — A satisfies

p 4 s —4 u
V(¢(a)) = —Av(e(3)) = ATv(e())

where P_

f

(This is rewrite version in Kogiso and Wakui, 2017)

~ | W0
<<

( Farey sum with sv —tu= -1, p=s+u, g=t+v).
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Outline of proof of Main theorem

CCF's , Markov tree and Yamada's ancestor triangles

Theorem(Kogiso and Wakui, 2017)
For Conway-Coxeter Frieze with LR-words w,

(1) if w = R™L"w’ for shorter word w’,
(F(w)) = ~A{T(R™L0w')) — A4 (L w))

1

(2) if w = L"R"w’ for shorter word w’,
(F(w)) = —A“T(R™ 1w')) — A4(F (L™ 1R"w"))

VB O X 1 Tokyo Woman's Christian Uni/versitv
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CCF's , Markov tree and Yamada's ancestor triangles

14 / \ ”s s
'] / \M 3!5/ \Jn 4l - \ 58 57

/ \ ru/ \Mn ] \ s/r/ \w 5/9/ \mz o \m ma/ \a/ m/ \sfs

\ /\ /\ / \ 13 bw m'x:/ }M 013 e 9

w ¥y sn3
WA 34 33 45 N8 SN7 43 sne M9 w1 B W7 B9 Mie SN &1 W6 nag 1007 TAB 1NN 1219 94

"

1/2-->1/3->2/5-->3/8-->4/11-->7/19 L->R->L-->L-->R =>RL2RL

FEUBOEE X 1 Tokyo Woman's Christian Universit
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CCF and Farey tree

e

"'/‘6\6 / \
1.'5/ \y; @ '/9 \m / \ / \
SN SN YINT /N /\ SN \, /N

m bl 4m 5/13 511 0N i N

A A AN N AN AN A AN AN AN AN A ANV ANA

W IO W3 415 S8 S 4B sne 79 mm M8 N 819 6 SN &N 96 nae 1047 NAB 3 1219 9 93 1w e nns W3 e 967

S}
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Questions of Kauffman bracket polynomials on rational links

CCF's , Markov tree and Yamada's ancestor triangles

Questions on Yamada’s ancestor triangles

(1) Why does the following equation hold?

When p < g, v(¢(2)(A™") = v(6(%:2))

(2)Why do fractions with the same denominator of the same generation in Markov

tree have the same Laurent polynomial or its-dual Laurent polynomial
(A A~1)? For example,

fraction | word | Kauffman Bracket polynomialv(qb(%)

= LR’ [ -AP +2A° —3A"—3A " +3A 8 A2+ A 1043
pa PRPL [ -AP +2A8 —3A"—-3A " +3A 8 A2+ A 1043
2 RZLPR[ A — A2+ 3AF —3A* —3A " +2A 8- A2 +3
o RLI’R? [ AP — A2+ 3AF —3A* —3A*+2A 8- A2 +3
v(6(3F)) = v(e(57)), v(6(37)) = v(8(33)) = v(6(F))A~1)?

FEUBOEE X 1 Tokyo Woman's Christian Universit
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Questions of Kauffman bracket polynomials on rational links

CCF's , Markov tree and Yamada's ancestor triangles

We can answer these questions by
using CCF'sl!!
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Questions of Kauffman bracket polynomials on rational links

CCF's , Markov tree and Yamada's ancestor triangles

P 5 e 10 12
q 17 17 17 17
conti.frac. exp. | [0,3,2,2] | [0,2,2,3] | [0,1,1,2,3] | [0,1,2,2,2]
w(g) LR?1? [’R?L R?I’R RI?R?
w r(w) i(w) r(w)

LELCYCENNICTE WY ==+ ) WELEE VATV E - fisp K auffman bracket polynomials of Conway-Coxeter Frie:
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CCF's , Markov tree and Yamada's ancestor triangles

l% dd tical %
[0;3,2,2] oS Vs sy [0;2,2,3]

I I
[0;3,2,1,1] [0;2,2,2,1]
< even vertical sym. =
[0;1,1,2,3] [0;1,2,2,2]
I I
[0;1,1,2,2,1] odd vertical sym. [0;1,2,2,1, 1]
10 12
17 17

FEUBOEE X 1 Tokyo Woman's Christian Universit
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CCF's , Markov tree and Yamada's ancestor triangles

5 7 10 12
For %, 17 17 17
7
12 10
5 17 3 =
7 5
2
1 1 1 1 1 1 1 1 1 1 1 1 1 1
4 2 3 1 2 4 2 2 1 4
7 5 2 1 7 7 3 1 3 7
17 3 1 3 12 10 1 2 5 17
10 1 2 5 17 3 1 3 12 10
3 1 3 7 5 2 1 7 T 3
2 1 4 2 3 1 2 4 2 2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

= RL?R?-type
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o7

LELCYCENNICTE WY ==+ ) WELEE VATV E - fisp K auffman bracket polynomials of Conway-Coxeter Frie:



Questions of Kauffman bracket polynomials on rational links

CCF's , Markov tree and Yamada's ancestor triangles

For RL2R? « LR?1? R?I?R, R?[?Rtype, these Kauffman bracket polynomials are
the followings:
LR2L? = v(o(

§)) = AR+ 2434 43 -3AT+3AT - AT AT
L2RL = v($(

) = v(e(z)
7)) =v(® (137))( )
RL2R? = v(¢(17)) = v(e(Z))(A™)

FEUBOEE X 1 Tokyo Woman's Christian Universit
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Kauffman Bracket of fractions with denominator 17

In the Conway-Coxeter Frieze that satisfies the above conditions, make the
numbers surrounding 17 as follows :

s
a b
t 17 v
c d
u

FEUBOEE X 1 Tokyo Woman's Christian Universit
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Kauffman Bracket of fractions with denominator 17

Then this satisfies the following relations :
at+d=b+c=17

s+t=a,
u+t=c,
v+u=d,
s+ v =b,
ab—17s =1,
17t — ac =1,
17v — bd =1,
cd—17u=1,

tv—su=1,
The greatest common divisor of diagonally adjacent integers must be 1.

FEUBOEE X 1 Tokyo Woman's Christian Universit
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Kauffman Bracket of fractions with denominator 17

Then
s
a b
t 17 v =CCF. its vertical-symm , horizontal-symm
c d
u
CCF 100D
CCE  dDD
also appear.

The representative forms are arranged as follows.
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Kauffman Bracket of fractions with denominator 17

0
1 1
1 17 1 =4, 1
16 16
15
1
2 9
1 17 8 =2, 2 218
8 15
7
1
3 6
2 17 5 =2, 2 11
11 14
9
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Kauffman Bracket of fractions with denominator 17

3
4 13
1 17 10 =4, B
4 13
3
2
5 7
3 17 5 =32, & 1, 2
10 12
7
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1 4 3 L 2 3 2 1 4 4 1 2 3
1 1L 2 1 5 5 2 L 11 2 1 5
1 3 7 1 2 B 3 1 3 7 1 2 B
1 2 8 3 1 3 7 1 2 3 3 1 3
1 5 5 2 1 1 2 1 5 5 2 1
1 2 3 2 1 4 3 1 2 3 2 1
1 1 1 1 1 1 1 1 1 1 1 1 1

RI?RL — delete =

1 1
L
1
1
1
1 1

FEUBOEE X 1 Tokyo Woman's Christian Universit
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Kauffman bracket polynomials of Conway-Coxeter Frie:




1 3 1 2z 3 2 1 3 1 |2 3 E 1
1 [ 3 2 1 5 B 13 2 1 5 s 1
1 2 B 1z 8 12 s 1 2 a 1
1 |5 5 13 2 1 5 s 1 3 2 1
1 2 U 1 3 1 2z 2 1 4 1
i JE E 101 i JE E E 11 1 101
L’RL — delete =
1 i E E E 11 i JE
3 1 2 |3 3 1 1-. 3
a 2 1 5 1 a 2 B 2
1 5 NEE BEREE 1 1 5
1 E 3 1.. 3 1 |2 |3 2 3
I'E E E 1 1 i E EE 1 11
LRL =
1 i B E B E i E E E i1 1
1 3 1 2 |3 1 3 1 2 3 1 3 1
12 2 1 |8 12 @1 s 12 R
1 s i 2 z 1 8 12 i 1 s 1
i E 3 1 3 1 E s 1 i E s 1
I EE E E i E E B E i B E E E
LRL — delete =

FEUBOEE X 1 Tokyo Woman's Christian Universit
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and Inserting on a CCF
deleting and inserting of CCF's

1 101 11 A U 1711

2 .. 1-. s 1z W 1-. E E E .. 1.. 3 1 |z
8 2 1 B : 1 J§ 2 1 B : 1 B : .

Bz 1 : 3 1 2

2 1 5 2 1
1 1 3 1 2 1
1 1 1 1 1 1 1 1 1 1 1 1
RL =
1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 3 1 2 1 3 1 2 1 3 1 2
2 1 2 1 2 1 2 1 2 1 2 1
3 1 2 1 3 1 2 1 3 1 2 1 3
1 1 1 1 1 1 1 1 1 1 1 1

il 1 1 1 1 1 1 1 1 1 il

L — delete =
E : ' EE : ' EE :@ : BEE :@BH :'EHE E :
2 1 3 1 g . E 1 E | JE 1 1B . JE
@ HE : @B E : - EE . - EE : :HE
@

1
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Inserting CCF

cutting and inserting lines D, @, 3, ®
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Kauffman bracket polynomials of Conway-Coxeter Frie:




Deleti

Inserting CCF (D

1 1 1 1 1 Ve N 1 1 1 1 1 1 1 1 7 N 1 1 1 1 1 1
3 1 2 s 7 1 N |2 3 2 3 1 2 4 71N 2 3 2 3 1
2 1 7 7z 3 1 ~ 5 5 5 2 1 7 // 3 1 \\ 5 5 5 2 1
3 1 3 // 1 2 1 \\ 8 12 3 1 3 ’ 11 2 1 N 8 12 3 1
1 2 // 19 7 1 2 N 19 7 1 2 // 19 7 1 2 \\ 19 7 1 2
2 1 v 8 12 3 1 3 \\ 1 2 1 7 8 12 3 1 3 N\ 1 2 1
1 4 5 5 5 2 1 7 N 3 1 1 5 5 5 2 1 7 \\ 3 1 7
7’ < 1 24
1 7 2 3 2 3 1 2 4 1 e 2 3 2 3 1 2 4 N 1 4
1 7| 1 1 1 1 1 1 1 1 \\ 7| 1 1 1 1 1 1 1 1 T T 1
7 -7 Nz
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Deleti

Inserting CCF (D

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 1 2 1 1 2 3 2 3 1 2 4 1 2 3 2 3 1 :
2 1 7 3 1 5 5 5 2 1 7 3 1 5 5 5 2 1
3 1 3 1 2 1 8 12 3 1 3 1 2 1 8 12 3 1 :
1 2 19 7 1 2 19 7 1 2 19 7 1 2 19 7 1 2
2 1 8 12 3 1 3 1 2 1 8 12 3 1 3 1 2 1
1 5 5 5 2 1 7 3 1 5 5 5 2 1 7 3 1
1 2 3 2 3 1 2 4 1 2 3 2 3 1 2 4 1 :
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

FEUBOEE X 1 Tokyo Woman's Christian Universit
o7

LELCYCENNICTE WY ==+ ) WELEE VATV E - fisp K auffman bracket polynomials of Conway-Coxeter Frie:



Deleti

Inserting CCF (D

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 1 2 4 4 1 2 2 3 2 3 1 2 4 1 1 2 2 3 2 3 1
2 1 7 15 3 1 3 5 5 5 2 1 7 15 3 1 3 5 5 5 2 1
3 1 3 26 11 2 1 T 8 12 3 1 3 26 11 2 1 7| 8 12 3 1
1 2 11 19 7 1 2 11 19 7 1 2 11 19 7 1 2 11 19 7 1 2
2 1 7 8 12 3 1 3 26 1 2 1 7 8 12 3 1 3 26 11 2 1
1 3 5 5 5 2 1 7 15 3 1 2 5 5 5 2 1 7 15 3 1 2
1 2 2 3 2 3 1 2 4 4 1 2 2 3 2 3 1 2 4 4 1 2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

= RL?RL?

l_iﬂi
26  15°11
19 8 411
26 — 11715
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Deletin

Inserting CCF 2

nd Inserting on a CCF
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Inserting CCF 2

1 1 1 1 1 2N 1 1 1 1 1 1 1 RZE 1 1 1 1
7 N , AN
1 2 4 3 |, SN 3 2 3 1 2 4 3 |, TEEN 3 2 2
1 IR 1 2 N s 5 2 1 1o 7 1 2 ~J s 5 2
1 3 18, 2 1 5 N 12 3 1 3 1, 2 1 50N 12 3
1 2 g 7 7 1 2 8 N 7 1 2 5 7 7 1 2 8 '~ 7 1
1 5, 12 3 1 319N 2 1 5,0 12 3 1 3 (19 N2
1 2 7 s 5 2 1 N 2 7 s 5 2 1 (RS ES 1
1, 3 2 3 1 2 4 3N 1 3 2 3 1 2 4 3N
1 71 8 1 1 1 1 1 1 1 TJ LT . 1 1 1 1 1 1 1N
7
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Inserting CCF 2

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 2 1 3 1 3 2 3 1 2 4 3 1 3 2 2 !
1 7 11 1 2 5 5 2 1 7 11 1 2 5 5 2
1 3 19 2 1 5 12 3 1 3 19 2 1 5 12 3 I
1 2 8 7 1 2 8 7 1 2 8 7 1 2 8 7 1
1 5 12 3 1 3 19 2 1 5 12 3 1 3 19 2 I
1 2 5 5 2 1 7 11 1 2 5 5 2 1 7 1 1
1 3 2 3 1 2 4 3 1 3 2 3 1 2 4 3 i
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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Inserting CCF 2

= RL’RLR
19 _ 1148
31 — 18713
12 iﬂl
31 — 13718
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Inserting CCF (3
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Inserting CCF (3
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= LRL2RL

19 _ 1247
30— 19711
L_ a1
30 7 11719
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Inserting CCF (@)
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Inserting CCF (@)

N =N
1 N 1 1 1 1 1 1 1 1 4 N 1 1 1 1 1 1
1 N 2 4 3 1 2 3 2 ’ 1 N 2 4 3 1 2
~ , N
1 N 7 1 2 1 5 5, 3 1 N 7 1 2 1 5
1 N 19 7 1 2 8 V2 5 2 1 A 19 7 1 2 i
N 4 N
1 3 N 12 3 1 3 L 12 3 1 3 N 12 3 1 3
1 2 8 N 5 2 1 Ve 19 7 1 2 8 N 5 2 1 V2
N 7 N 7
1 5 5 N 3 1 L 7 11 2 1 5 5 N 3 1 L
1 2 3 2 N 1 Ve 2 4 3 1 2 3 2 N 1 Ve
1 1 1 1 1 T 7] 1 1 1 1 1 1 1 1 T 1 1
N_ v N_ o
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Deleti

Inserting CCF &

d Inserting on a CCF

1 1 1 1 1 1
4 3 1 2
7 1 2 1 5
1 2
1
2 1
1
1
1 1

FEUBOEE X 1 Tokyo Woman's Christian Universit
o7

i Kogiso(/hN A& & VRSV TP R < auffman bracket polynomials of Conway-Coxeter Frie:



Inserting CCF (@)

1 1 1
1 2 3
1 5
1 2 8
1
= R2[2RL
19 _ 7412
27 — 10717
8 _ 543
31 17710
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/ G
113 < o

on

= LRL?RL
11247
I = Wi
u_ 4,7
% = i

1730
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A braid from a CCF L?R?L

ki hi Kogiso(/NA& &%) (Josai University(3iFaX!

Kauffman bracket polynomials of Conway-Coxeter Frie:

~
@
>
N
N @
o
N @
@
)
~
ANNE)
ANNE)
~
N
ANO)
~
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braids from CCFs
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