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(conj. of) C quandle C biquandle

group
representation coloring coloring
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Fact: Yes, for virtual knots.
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(COn_]. Of) gen. gen. .
group C quandle C biquandle

1:1 .
representation coloring =<——> coloring

Hom(zp, G) ___ Hom(Q(L), Q) _ Hom(BQ(L), X)
refined refined?

Fact: Yes, for virtual knots.

This talk: NO, for classical/surface links.
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Q : aset x:Q x@Q — @ :amap
Q = (Q, %) is a quandle
(((Ql) z*xz =7,
det ) (Q2) themap s, : Q@ > a— axx € Q is abij,
~
(Q3) (x*y) *x 2= (x*2)*(y*2),
for "z, vy, z € Q.

x Yy z x y z

X e N>
N\ F

Z Y (oryykz 2 Y (oerz)x(yrz)
= (xky)*z




L : alink D :adiag. of L
- A ()-coloring is a map {arcs of D} — @ such that

Yy
x Z=X*1Y ateach crossing.

Ex A conjugation quandle:
@ = G : a group, Txy =y lxy.
~ Colg(D) <5 Homygy(mr, G).

e #Coly(D) is an inv. of L.



X @ aset *,%: X X X — X : maps
X = (X, %,%) is a biquandle
(Bl) xx0 =% x,
(B2) the maps ex x,e¢xx: X — X,
X x X 3 (a,b)— (bxa,axb) € X x X are bijs.,
(B3) (xxy) x(zxy) = (v x2) % (y*2),
(zxy)*(zxy) = (x5 2)x (y*2),
(@xy)* (zxy) = (x5 2)% (y % 2)

i
o\

\ for Vz,y, 2z € X.



- An X-coloring is a map {semi-arcs of D} — X s.t.

Y/ NxxY xS \Y=rRT
- (Q,*): a quandle

{ X = (Q,*% = %,% = pry) : a biquandle.

Colg(D) % Colx (D).

~~ Biquandle is a generalization of quandle.

e #Colx(D) is an inv. of L.
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Main result
- X = (X, *,%): a biquandle

QX) = (X,%);  axy:=(vxy)* 'y
e Q(X) is a quandle (structure rack).

Theorem A

There exists a one-to-one correspondence

Colx (D) += Colgx(D).

Corollary (cf. Soloviev (2000))

X-coloring number = Q(X)-coloring number.
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COIQ(X) (D) > COIX (D)

rm " m\@
C\) C\)

(\\@@@ (‘Q/
SO T C\)@

Coly) (W (D)) > {C U mirror(C)}
bijectio N
Co lx(D (] Dh)




COIQ(X) (D) < COIX (D)

rm ’ m\@
C\) C\)

(\\@@@ (‘Q/
SO C\)@

Coly) (W (D)) > {C U mirror(C)}
bijectio N
Co lx(D (] Dh)




Another definition of ® : Coly (D) — Colg(x)(D)

COIX(D) 5C: x> ¢

Ci C2 C3
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- The associated group
As(Q) =A@ | vy = y(z * ¥))grp-
- A shadow (@, As(Q)))-coloring is a pair (A, R) s.t

(A :a Q-coloring
x

< R : {regions} — As(Q) s.t.  [g]

z 98 y

- A: fixed = IR s.t. R(0) =e. @\ ilﬁy |
gy *y

14 /17



There exists a map ¢ : As(Q(X)) x Q(X) — X which

Theorem A’
induces the bijection ¥ : Colgx)(D) — Colx (D). |

T Y =z ¥(g,z) P(gryt,y)
9] \ ‘ \ > \ ‘ ‘Fiﬁ(gmy‘l,z)
v
Q(X)-col. X-col.
Theorem B

p: X xX A a biquandle 2-cocycle

= P As(Q(X)) x Q(X) x Q(X) — A
is a shadow quandle 2-cocycle and
y(D) = 555 (D).
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Theorem A"

There exist one-to-one correspondences
Yas : As(Q(X)) — As(X),
U = (Yas, V) - As(Q(X)) x Q(X) — As(X) x X,
where 1) induces the bij. ¥ : Colg(x)(D) — Colx (D).

T v ¥(g, )
g >
Q(X)-col. X-col.

“quandle col. + shadow LN biquandle col. 4+ shadow'
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m(BQO(X)) m(BX)

gl lg

As(Q(X)) —22- As(X)
Lem B/é\(_)/() ~ BX  as [-sets.

T (BQ(X)) = m,(BX)
h { m(BAQ(X)) = m, (BPax) T =%

Theorem C
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