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Fact: Yes, for virtual knots.

This talk: NO, for classical/surface links.
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Q : a set ∗ : Q×Q→ Q : a map
Q = (Q, ∗) is a quandle

def⇔


(Q1) x ∗ x = x,

(Q2) the map sx : Q ∋ a 7→ a ∗ x ∈ Q is a bij.,

(Q3) (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z),
for ∀x, y, z ∈ Q.

x y z x zy

y*zz z y*z(x*y)*z (x*z)*(y*z)

    = (x*y)*z

R�

Q3
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L : a link D : a diag. of L

· A Q-coloring is a map {arcs of D} → Q such that

x

y

x yz = * at each crossing.

Ex A conjugation quandle:

Q = G : a group, x ∗ y = y−1xy.

⇝ ColQ(D)
1:1←→ Homgp(πL, G).

#ColQ(D) is an inv. of L.
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X : a set ∗, ∗ : X ×X → X : maps

X = (X, ∗, ∗) is a biquandle

def⇔



(B1) x ∗ x = x ∗ x,
(B2) the maps • ∗ x, • ∗ x : X → X,

X ×X ∋ (a, b) 7→ (b ∗ a, a ∗ b) ∈ X ×X are bijs.,

(B3) (x ∗ y) ∗ (z ∗ y) = (x ∗ z) ∗ (y ∗ z),
(x ∗ y) ∗ (z ∗ y) = (x ∗ z) ∗ (y ∗ z),
(x ∗ y) ∗ (z ∗ y) = (x ∗ z) ∗ (y ∗ z)

for ∀x, y, z ∈ X.
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· An X-coloring is a map {semi-arcs of D} → X s.t.

x

y x

xy

y
*

*

x

y x

xy

y

*

*
.

· (Q, ∗): a quandle

⇒

{
X = (Q, ∗ = ∗, ∗ = pr1) : a biquandle.

ColQ(D)
1:1←→ ColX(D).

⇝ Biquandle is a generalization of quandle.

#ColX(D) is an inv. of L.
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Main result
· X = (X, ∗, ∗): a biquandle

Q(X) := (X, ∗); x ∗ y := (x ∗ y) ∗−1 y.

Q(X) is a quandle (structure rack).

.
Theorem A..

......

There exists a one-to-one correspondence

ColX(D)
1:1←→ ColQ(X)(D).

.
Corollary (cf. Soloviev (2000))
..

...... X-coloring number = Q(X)-coloring number.
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· The double W (D) of D:

D

⇝

W (D)

⇝ ⇝

ColQ(X)(D)
1:1←→ Col

(=)
X (W (D)) ⊂ ColX(W (D))
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· The double W (D) of D:

D

⇝

W (D)

x ⇝ x x

x y

x y*
⇝

x

x

y

y
y

yx( * *)
-1

= y
*

ColQ(X)(D)
1:1←→ Col

(=)
X (W (D)) ⊂ ColX(W (D))
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D -Dh

x

yxy

y x*

*
y

xy x*

yx *

mirror

⇝ ColX(D)
1:1←→ ColX(−Dh)

11 / 17



12 / 17



12 / 17



12 / 17



Another definition of Φ : ColX(D)→ ColQ(X)(D)

ColX(D) ∋ C : xi 7→ ci

∞

Φ′(C)(xi) := c′i. ⇝ Φ = Φ′.
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· The associated group

As(Q) := ⟨Q | xy = y(x ∗ y)⟩grp.

· A shadow (Q,As(Q))-coloring is a pair (A,R) s.t
A : a Q-coloring

R : {regions} → As(Q) s.t. g

x

gx

· A: fixed ⇒ ∃!R s.t. R(∞) = e.

x y

g

gx

gy
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.
Theorem A’..

......

There exists a map ψ : As(Q(X))×Q(X)→ X which
induces the bijection Ψ : ColQ(X)(D)→ ColX(D).

.
Theorem B..

......

ϕ : X ×X → A a biquandle 2-cocycle
⇒ ψ∗ϕ : As(Q(X))×Q(X)×Q(X)→ A

is a shadow quandle 2-cocycle and
Φϕ(D) = Φ∞=e

ψ∗ϕ (D).
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.
Theorem A”..

......

There exist one-to-one correspondences

ψAs : As(Q(X))→ As(X),

ψ̃ = (ψAs, ψ) : As(Q(X))×Q(X)→ As(X)×X,

where ψ̃ induces the bij. Ψ : ColQ(X)(D)→ ColX(D).

“quandle col. + shadow
1:1←→ biquandle col. + shadow”
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π1(BQ(X))

∼=
��

π1(BX)

∼=
��

As(Q(X))
ψAs

1:1
//As(X)

Lem B̃Q(X) ∼= B̃X as □-sets.

⇝
{
πn(BQ(X)) ∼= πn(BX)
πn(B

QQ(X)) ∼= πn(B
BQX)

for n ≥ 2.

.
Theorem C..

...... ΞX(D) = ψ̃∗ΞQ(X)(D).

17 / 17


	Definitions
	Biquandle coloring vs. Quandle coloring
	: Quandle coloring to Biquandle coloring
	: Biquandle coloring to Quandle coloring

	Biquandle invariants vs. Quandle invariants
	Cocycle invariants
	Homotopy invariants


