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The Gordian distance
K, K': two knots in S3.
Definition 1 (Gordian distance) J

dg(K, K') := min{# of crossing changes from K to K'}.

Definition 2 (unknotting number)
u(K) :=dg(K, O). }
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Seifert matrix

Definition 3 (Seifert matrix)
V = (vjj), where vj; = Ik(x,-,xj+). J

Seifert surface for 3; and its Seifert matrix
Ik(xi, x; AD|

(0 X

Fact 4

V: a square integer matrix.

det(V —VT)=1 = V is a Seifert matrix.
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S-equivalence
V: a 2n x 2n Seifert matrix.

Definition 5 (congruence)

V is congruent to V' <<% 3p ¢ GLa,(Z), st. V' = PVPT.

Definition 6 (enlargement/reduction)

V' is an enlargement of V, (V is a reduction of V')

def

0 1
= V' = X X
NT

or

o = O
<o
o O O
<o

NT
e x €Z.

@ M, N: row vectors.

Definition 7 (S-equivalence)

congruence, enlargement, reduction.

v
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The algebraic unknotting operation
V: a Seifert matrix.

Definition 8 (algebraic unknotting operation, Murakami 1990)

rebraic unknogti ) e 0 0
algebraic unknotting operation
v &E £°P s (1 x M,
T
@ ¢ =*£1. 0 N 4
e x €Z.
@ M, N: row vectors.
V.
U
(a) (b) (c)
= \- "
. -
- P P L E _____________
+ S
(d) (e) (f)
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The algebraic Gordian distance

e V., V’: two Seifert matrices.

@ []: S-equivalence class.

Definition 9 (Algebraic Gordian distance, Murakami 1990)

dg([V],[V))= V&ni[rc/]# of algebraic unknotting operations from W to W'.
€
W'e[V']

o [K]:=[V], where V is a Seifert matrix of K.

Theorem 10 (Murakami 1990)
do(K, K') > dg([K], [K]).
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The Blanchfield pairing

X(K): infinite cyclic cover of $3\ K.

A= Z[t, t71].

V: a 2n x 2n Seifert matrix of K.

Alexander module Ay = A2"/(tV — VT)A2" = Hy (X(K); Z).
Ay: A-module, where t acts on X(K) as the deck transformation.
e Q(A): quotient field of A.

Theorem 11 (Blanchfield 1959)

By Ay x Ay — Q(A)/A.
o /BV(axa by) = aEBV(Xay)'
® b:=b|,_41.
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Calculate the Blanchfield pairing

e V: a Seifert matrix of K.
o Ay = Hi(X(K); Z).
Definition 12 (Blanchfield pairing)
,BV . AV X AV —)Q(/\)//\

(1. D) — > int(X, t'y)t'

iE€EZ P

where 0, X = px for a 2-chain X, p € A.
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The Blanchfield pairing of a knot (Seifert matrix)

e tV — VT presentation matrix of Ay
w.r.t. generators {a1, a,...,an}-

Theorem 13 (Kearton 1975, Trotter 1973)

/BV . AV X A\/ — Q(/\)//\

(ai, aj) — (i,j)-entry of (t — 1)(tV — V1)1 (mod A).

Fact 14 (Trotter 1973)

(Av, Bv) = (Ayr, Bvr) <= V is S-equivalent to V',
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The Blanchfield pairing for dZ([V],[V]) =1

o V., V’: two Seifert matrices.

o Ay :=det(t2V — t72VT7).

Theorem 15 (C.)

Ay
Jac Ay st By(a,a) = +=Y
Ay
d(ViIvh=1 =
A
3d € Ay st By(d,d) =Y
AV/

(mod A),

(mod A).
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Proof.

e 0 0
di([V],[V]) =1 = We[V],?We[V]st. W=[1 x M
o NT W

e(t—1) -1 0
— tW - W' = t x(t —1) tM—N | .
0 tNT — MT W — w'T

Bv(a1,a1) = the (1,1)-entry of matrix (t — 1)(tW — WT)~!

x(t—1) tM — N
tNT — M7 tw — w'T
[tW — WT|

(1)

- B\/(al, 31) = (t = 1)

x(t—1) tM — N

tNT _ MT tw! — WIT + tltW/ - WITl' (2)

tW — WT| =¢(t—1)

Substitute (2) from (1) = fy(a, a) = “BVCAY) = LV (mod A). [

v
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Algebraic unknotting number one

Definition 16 (Algebraic unknotting number)

us([V]) := d&([V],[0))-

Corollary 17 (C.)
u([V]) = d2([V],[V]) =1 = ceNst. £Ay =cC (mod Ay).

Ak the Alexander polynomial of K.

Theorem 18 (Kawauchi 2012)
u(K) =dg(K,K') =1 = Fc € Nst. +Ay = cc (mod Ak). J
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Corollary 18 (C.)
u([V]) = d2([V],[V]) =1 = FceAst. £Ay = cC (mod Ay).

Proof.
u([V]) = d2([V],[V])=1=7a  he€ Ay st

Bv(a,a) = :I:AV’ (mod A) and  By(hh) = :I:i (mod A).
Ay Ay

Lemma 19 (Murakami 1990)

us([V]) =1 = Av is generated by g s.t. By(g,g) = (mod N). J

—3JceAst a=cg.

Ay _ ccC
— +°Y = By(cg, cg) = cchv(g,8) = «— (mod A).
Ay Ay

— Ay =ccC (mod A\/) []

v
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Alexander polynomial and algebraic Gordian distance
Corollary 20

o uy([V]) =1

o Ay =h(t+t1)+1—2h |h|: prime or 1.

o Ay =d (mod Ay), where d € Z.

o h’x? + y? 4+ (2h — 1)xy = +d does not have an integer solution x,y.

= dg([V],[V']) > 1.

Proof.

Suppose d&([V],[V])=1 = Fc € Ast. cC==+Ay = £d (mod Ay).
Let ¢ =: 3 cicm @it => cC = a_pamt™ " + - + apa_,t—(mn),

= hla_pam — hla_, or h|a,. = can reduce m or n.

Repeat until ¢ = pt/*! + gt/ (mod Ay), p,q € Z.

— (p®+ ¢?) + pg(t + t1) = +£d (mod Ay) = h|p or h|q.

Assume p = hx = h?x% + g% + (2h — 1)xq = +d. O

v
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Algebraic Unknotting number one
V: 2 x 2 Seifert matrix.

Proposition 21 (C.)

det V=D € {1,2,3,5} = u,([V]) =1.

Proof.

V or —V is positive definite. Assume V is positive definite.

= V is congruent to <Z b-ic_ 1>, 0 <2b+1 < min(a,c)

= ac—b(b+1)=D = ac=D

= V= b1 r —b -1 or L1 or -1 -l 0J
o 1) o -1 0 D 0 -D)
Corollary 22 (C.)
Ay =ht+ht 1 4+1-2h he{1,2,3,5} = u,([V]) = L.
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The Alexander polynomial distance

Ak: the Alexander polynomial of K.
Definition 23 (Alexander polynomial distance)

A A= min dg(K,K).
p(A, A i 6l )

Ax=A
D=0’

Fact 24 (Kawauchi 2012)
A#N = p(AA')=1or2.

Lemma 25 (C.)

d&([K1, [KD) = p(Ak, Ax).

dG(K, K/) > dé([K], [K/]) > p(AK,AK/).
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The Alexander polynomial distance

Question (Jong)
Find A and A’ s.t. p(A,A') =2. J

o A3 = t+t -1
° A41:—t—t_1+3.

Question (Nakanishi)
p(Az,,Ng)) =27 Yes. (Kawauchi 2012)

Theorem 26 (Kawauchi 2012)
Ap:=h(t+t~1) —2h+ 1. p: prime. pth, ptm

= p(An, Apgmprst) = 2.
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Corollary 27 (C.)
A=2+4m (mod t —1+t7Y) = p(t—1+t71,A)=2.

Proof.
Corollary 20
o uy([V]) =1
o Ay =h(t+t 1) +1—2h. |h|: primeorl Ay, =d
(mod Av)
Blaee ) o h’°x? +y? 4+ (2h — 1)xy = +d does not have an integer

solution x, y

= dg([V],[V']) > 1.

Corollary 22
Ay =ht+ht 1 +1-2h, he{1,2,3,5} = us([V]) = L.

x? 4 y? 4+ xy = 2 + 4m does not have an integer solution x, y.

)
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I

Az, =t+t1—1 Dg,, = =3t —3t72 4 12t + 12t71 — 17

VKLV K2; AKl = A311 AKz = A925
— dG(Kla KZ) > dé‘([Kl]a [K2]) > p(A31,A925) =2

Calculation of algebraic Gordian distances

ua([925]) = ua([31]) = 1 == dg([31]; [925]) < ua([31]) + wa([925]) =

= d&([31], [925]) = 2.

2

Calculation of Gordian distances

Fact: dg(31,925) <2 = dg(31,9%5) =2.

v
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