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Definition.

o Agenus g handlebody is an orientable 3-manifold with boundary obtained by
attaching ¢ handles to B3.

o A genus g handlebody-knot is a genus g handlebody embedded in the
3-sphere S3.
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a genus 1 handlebody
a genus 1 handlebody-knot

a genus 2 handlebody
a genus 2 handlebody-knot
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A genus g handlebody-knot H is reducible

& 36 S3:2-sphere s.t. HN S is an essential disk properly embedded in H

D)

reducible irreducible
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Definition.

A spatial trivalent graph is a finite trivalent graph embedded in S3.
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Definition.

A spatial trivalent graph is a finite trivalent graph embedded in S3.
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Any genus g handlebody-knot is obtained from a regular neighborhood of a spatial
trivalent graph.
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H : a genus g handlebody-knot in S3
G(H) := m(S® — H) : the (handlebody-)knot group of H
Definition.

Hy, Hs : genus g handlebody-knot

H, > H, Lf 3, G(H,) — G(H3) : epimorphism

Proposition.

The relation ">" is a preorder in the set of all equivalence classes of genus 2
handlebody-knots. i.e.

e Hy > H,
e Hy > H,, Hy, > H3 = H| > Hj

Remark.

@ The relation " >" is not a partial order.
H, > Hy, Hy > Hy # H, = H»
@ For prime knots (g =1) :
The relation " >" is a partial order.
This partial order is determined up to 11 crossings.
[Kitano-Suzuki '05, '11][Horie-Kitano-Matsumoto-Suzuki '11].
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The table of irreducible genus 2 handlebody-knots up to 6 crossings
[Ishii-Kishimoto-Moriuchi-Suzuki '12]

SEeB00E
HBRHHG

64 65 66 67 68 6

NI Slers[SHISHEIE

610 611 612 613 614 615 616
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Definition. (the d-th Alexander ideal of G(H) associated with 1))

H : a genus 2 handlebody-knot

G(H) = (21,%2,...,%s | T1,72,...,Ts—2)

¢ : G(H) — Z : a homomorphism

A(G(H),y) = ( P (8”) ) : (5 —2) x s matrix
61‘]‘

: the Alexander matrix of G(H) associated with

(0) (0<d<?2)
Eq4(A(G(H),v)) = { ((s = d)-minors of (A (G(H),®))) (2<d<s—1)
(1) (s—1<d)

: the d-th Alexander ideal of G(H) associated with

The d-th Alexander ideal of G(H) associated with 1) does not depend on the choice
of a presentation of G(H).

Yuko Ozawa (Meiji University) Epimorphisms between handlebody-knot groups December 23, 2023



Remark.
The d-th Alexander ideal E4 (A (G(H),v)) depends on ¢ : G(H) — Z.

H : a genus 2 handlebody-knot
a:G(H) - G(H)/|G(H),G(H)] : the abelianization
le Hi(H;Z)
1 : G(H) — Z = (t) : a homomorphism
xj — (@)

Proposition.

Vo) : G(H) — Z = (t) : homomorphism , 3l € Hy(H) s.t. 1 =y

By this proposition, it is sufficient to consider ¢; for all [ € Hy(H).
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Ex. the d-th Alexander ideal of G(4;) assosiated with

l=c1ly 4+ coly € H1(41) (01702 € Z)
Y G(h) = Z=(t)

Tt
Yy —> 1

z—1

G(41) = (2,y, 2|lzzyz "ty a7 =)

AG@) ) = (0 (Z) w(g) (@)
0

= ( 0 — 1+ tcl _ tcl+c2)
(0) (d < 2)
Ey (A (G(41),'¢l)) = (1 _a +tcl+C2) (d: 2)
(1) (2 <d)

By (A(G(41),41)) = (1 =t f-t1Fe2)
ci=co=1:(1—-t+1?)
a=1c=-1:(2-1)
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Proposition.

H,, Hs : genus 2 handlebody-knots

If F4py : G(H) — Z : a homomorphism, d > 0

st. By (A(G(H1),41)) ¢ Eq(A(G(Ha),v2)) for Yoy : G(Hy) — Z : homo.

— %5 : G(H,) — G(H>) : an epimorphism
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Proposition.

H,, Hs : genus 2 handlebody-knots

If F4py : G(H) — Z : a homomorphism, d > 0

st. By (A(G(H1),41)) ¢ Eq(A(G(Ha),v2)) for Yoy : G(Hy) — Z : homo.

— %5 : G(H,) — G(H>) : an epimorphism

Ex.4; and 53

By (A(G(41), 1)) = (1 —t Ftertez)

61:17622—15(2—t) 2
Yyl G(5s) —+ 7 53! )

B3 (A(G(5s),4p)) = (2,1 — o +1e17e2)

If (2,1 —tr +tatee)C (2—t)=2=F(t)(2—1) (f(t) € Z[t*))
In the case of t = 2, 2 = 0 = contradiction.
53 2 41
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Ex. 63 and 610

D &

Yip i G(63) — Z Yy G(610) = Z
E3 (A(G(63),7)) = (1) E5 (A(G(610),¥")) = (1)

? ?
= 63 > 619, 610 >063
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Definition. (the d-th twisted Alexander ideal of G(H) associated with p and )

H : a genus 2 handlebody-knot, 1 : G(H) — Z : a homomorphism
p:G(H) — GL(n;Z) : a representation

,uaunm®¢0=<(P®W<é?>>
(p®¢)(g%) . (p®Y) (8”)

= - :n(s —2) X ns matrix
(o V) (03;3) - (pew) (85;32)
: the twisted Alexander matrix of G(H) associated with p and v
Eq(A(G(H),p 1))

(0) (0 < d< 2n)
=< ((ns — d)-minors of (A(G(H),p®1%))) (2n<d<ns—1)
(1) (ns—1<d)

: the d-th twisted Alexander ideal of G(H) associated with p and 1

The d-th twisted Alexander ideal of G(H) associated with p and ¢ does not depend
on the choice of a presentation of G(H).
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Ex. the d-th twisted Alexander ideal of 63

v”L/)l : G(Gg) —7Z
E5 (A(G(63),¢1)) = (1)

G(63) = <x,y1,yzIyzyflx‘lylyilx‘lywyflxyf1x—1y1x‘1yf1xyzyflwy1>

G(63) = Z = (t), ¥(x) =1, P(y:) =t
G(63 —>SL( YALYA)

)
(z) = ( ) p(y1) = <g é)m(yz):(g é)
)P

A (G(63
2+t 2+2t+2t2 142t 24+t 142t 2+t
2 +12 1 24t 2 24+t 2

E4 (A(G(63),p @)
(‘2+t 2+ 2t + 22| |2+ 2t + 2 1+2t‘ ...)(1t2)

)

2t + 2 1 1 24t
E5 (A(G(63),p ) = (24, 2t +t2, 2+ 2t + 22, 1,---) = (1)
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Proposition.
H,, Hs : genus 2 handlebody-knots
If 33y : G(Hz) — Z : a homomorphism,
3py : G(Hs) — GL(n;7Z) : a representation, >d > 0
st. Ba(A(G(Hy), ;n ® 1)) ¢ Ea (A(GUH:), pa @ %)
for Yooy : G(Hy) — Z : homo. and "p; : G(Hy) — GL(n;7Z) : rep.

— %5 : G(H,) — G(H>) : an epimorphism
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Proposition
H,, Hs : genus 2 handlebody-knots
If 33y : G(Hz) — Z : a homomorphism,
3py : G(Hs) — GL(n;7Z) : a representation, >d > 0
st. Eq(A(G(H1),p1 ® 1)) € Ea(A(G(H2), p2 ® 2))
for Y41 : G(Hy) — Z : homo. and ¥p; : G(H;) — GL(n;Z) : re

— %5 : G(H,) — G(H>) : an epimorphism

Ex. 63 and 619

Fnhy : G(63) = Z, 2pa : G(63) — SL(2;Z/37)

Ey (A(G(63),p2 @12)) = (1 — %)

Vi G610) = 7, p1 : G(610) — SL(2;7,/37)

Ey (A(G(610), p1 @ ¢1)) = (1)

Ey (A(G(610), 01 @ 41)) & Es(A(G(63), p2 @1b2)) .. 610 # 63
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01: G(01) = (s,t|0)
NS ~t

Proposition.
41,54, 61,67, 610, 614,616 > 01

Proposition. [Jaco-McMillan '70]+[S.Suzuki '84]

H : a genus 2 handlebody-knot, v : G(H) — (t) : a homomorphism
H >0, = E> (A(G(H),)) is a principal ideal for every 1

527 53a 627 6576876976127 613 ,l)_é 417 54761767; 6107614a 616

For 59,53, 62, 65, 65, 69, 612,613, Eo (A (G(H),1)) are non-principal ideals.
Hence, 52753,627653685697612a613 201 L]
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Proposition.

Hy, Hs : genus 2 handlebody-knots

If 3G : a group
s.t. #Hom(G(H1), G) < #Hom(G(H>),G)

:>H12H2

o SL(2;Z/pZ) (p < 11, prime)
e SL(3;Z/qZ) (¢ =2,3)
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Proposition.

Hy, Hs : genus 2 handlebody-knots

If 3G : a group
s.t. #Hom(G(H1), G) < #Hom(G(H>),G)

:>H1zH2

o SL(2;Z/pZ) (p < 11, prime)
e SL(3;Z/qZ) (¢ =2,3)

Ex.
65 63
#Hom(G(65), SL(2;Z/117)) = 3412, #Hom(G(63), SL(2;7,/11Z)) = 3444
= 65 7,)_4 63
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@ There are 21 irreducible genus 2 handlebody-knots up to 6 crossings
o G(51) = G(64),G(52) = G(613), G(614) = G(615)

=We consider 306(= 18 x 17) pairs.

For 251 pairs, we determined the non-existence of epimorphisms.

The unsolved 55 pairs:

(41,51), (41, 52), (41, 53), (41,62), (41,63), (41,65), (41,66), (41, 68), (41, 611),
(52,51), (52, 63), (52,611), (53,63), (53,611), (54, 51), (54, 63), (54,610),
(54,611), (61,51), (61,53), (61,62), (61,63), (61,65), (61,66), (61, 6s), (61,611),
(62,63), (62,611), (67,51), (67,53), (67,62), (67,63), (67,65), (67,6s), (67,611),
(67,612), (69,51), (69,63), (69,611), (612, 51), (612, 62), (612,63), (612,65),
(612,68), (612,611), (614,51), (614,52), (614,63), (614,69), (614,610),
(614,611), (616,51), (616,63), (616,610), (616,611)-
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