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On finiteness of the geodesics joining a pair of points in curve

complexes

RRUTRE REBEANESUURERIZEMTIR BWREER Bt 24
RFEERT (Kanako OIE) *

B E

S BREEDY g, WA DD ¢, puncture DEDS p TH A E EFHIREEI . T 5. &K
TR FORERICOWTRANT 3.
1. “g=1,c+p>3" FHE “g>2,c+p>1" DL E, S D curve complex LD 2 5 ag,as T
RD K57 DPFIET b:ds(ag, az) = 2, ag & as %t curve complex WD geodesic D1
BUITE2ETH 3.
2. “g=2,c+p>1" FHT 9g>3 DL E, S D curve complex ED 2 5 ag,as TRD XS
Y DDFET %:ds(ag,az) = 2, ag & ay ZHh.S curve complex ND geodesic DREEUE T FE
3ETH 3.

1 Introduction

Curve complex (& Riemann [H @ Teichmiiller Z%f#] Z 5% L T\W7z Harvey 12 & o THRANICE
AEH 3], 5D ZL DIRFIC L o TR E N T WS, KT Masur-Minsky &, curve complex A
D geodesic 73 DRIE DRMIME % W TER S N7z, curve complex D §-hyperbolicity % 7~
L7z [7]. Z ORI, ending lamination conjecture DR [8, 2] R ¥, BERIFHZ 726 L .

2012 12 Birman-Menasco &, curve complex WICEIT 21T7=1EE D (dead ends) D
geodesic DIFEZ /R L7z [1]. 5 DFX T, 2D K5 2HIE THHL 2RI ATV DD T
HBrBRENTWS. ZD7=8, curve complex D geodesic 23 b DE I 72 HE OIFFIT EIKZE
WwWhorBbhs.

ZAUZBI LT, Ido-Jang-Kobayashi 1% curve complex N® 2 JiTZ N5 ZHER geodesic 231D
LBV HDDBEIET EZ 2R LTWS [5, 6. —ARZICON S K ST curve complex ND 2
RTZENLEESR geodesic DERBEAET 2 L5 DD 2 (X 6). Lizh->T, LNOME
HEZLICIZARTHS.

Question. Curve complex N®D 2 TZNSH ZHESETD geodesic DIELIZ 1 KD b KERH
ROBE 722 & 570HDIFFET 557

AFRTIE, LDV T 2 HENREIEZIRE T 2. BRI TOMENIE LT,

Z DB TIXLLR S I3RS g, HFAT DED ¢, puncture DEDS p TH 5 [\ 1T AT REHHHE
£95% (X1).
Theorem 1. “g=1,c+p>3"FXiE“g>2,c+p>1" D& X, S D curve complex D 2 5

ag, as TRD X 572 DPIFIET % :ds(ag, az) = 2, ag & as ZHfiS curve complex D geodesic D
EEIITE 2METH 5.
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Theorem 2. “g=2c+p>1" F7&iE “g>3" D& X, S D curve complex ED 2 5 ag, az TX
DEIRDBDPIFET %:ds(ag, a2) = 2, ag & as ZHES curve complex WD geodesic DEEUZT
E3ETH 5.

1: Surface S

PURCIE 2 OAEFRICEE S 2 FARR L FFEDE R, AEIIC WSS K CRER ORI 24805 5 .

2 Preliminaries
2.1 Curve complex
Z DHEITIE, S D curve complex IZDOWTHHNT 5.

Definition 1. S 23 sporadic TH 3 1%, “g=0,c+p<4” XiE“g=1,c+p <17 DD IL
DL EIZWVWD. £ 8 D sporadic TRWVWE X, S X non-sporadic TH B XN .

Definition 2. S ® simple closed curve o IZ2OWT “a 1&E 41 A D puncture &t S ND
disk % bound § 5”7 XII “a & 0S D&H B component IZ parallel THB” & X, o 1 inessential
THBHEWVD. £/ a D inessential THRWVWE X o X essential THDHEE D.

essential

inessential

essential

2: Essential curve O

Definition 3. S 77 essential simple closed curve Z & FRWE &, S simple THH LW . F
7= S 73 simple TR\WE =, S non-simple TH 5 W5,

TNTD sporadic surfaces % X 3 IZHINTE L. ERD S S 5 simple TH % 7 513 sporadic
THDHZWEBEZITOIE. £72, K 3 5 S 7 sporadic 2> non-simple TH 355, “g =1,
c+p<1"FkiX“g=0,c+p=4" 2B dbbhrsb.
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sporadic

&=

3: Sporadic surface

Definition 4. S | non-sporadic & 3%. LINTEFR X2 simplicial complex % S @ curve
compler £ W\, C(S) THT.

CO(S) : S kD essential simple closed curves @ isotopy ZHDHERA,

C°(S) D n+ 1D 0-simplex 25 S _E D disjoint curves THEX NS & &, I 51X n-simplex
ZiRk5.

M4: g=2,¢=0,p=3DEZD S D curve complex C(9) .

Remark. C(S) & RIATHNCHERR 7% simplicial complex T® 5.

i, S A3 sporadic 2> non-simple D ¥ £ % curve complex (IEFE T X 20 AFTIIEIKT 5.
COS) D25 a, b I LT a & b %EFESR simplicial path % [ag = a,a1,...,a, =b] ERFT &
9%,

Definition 5. CO(S) ICHARIRRELZ B A T2 Z 22 & b CO(S) IXHEREZEMIc 2. IR Z Off
Bt % dg rELZRIZTA.
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[(10, ai,az,0as, a4, CL5]

ds(a, b) =5
5: a & b %At path

Definition 6. C(S) N® path [ag, a1, ..., a,] D3 ds(ag, an) ZEBR LTV B, [ag, a1, ..., a,] &
C(S) ND geodesic TH 2B LS.

S

[CLOa as, 0,2] [CLO, agn)v az]

6: ag ¥ ag ZHESR geodesics DEEDELRE D TTH & 72 5

2.2 Subsurface projection
Z OHEITIE, FRERDOIEIAIZHW S5 subsurface projection IZDWTHISTT 5.

Definition 7. S @ subsurface X 7% S @ essential subsurface T®H % £ 1%, 0X D% component
A3 S T essential TH B & XIZTWVWD.

X % S O essential subsurface £ 3%. ARTIX L € CO>S) I LTL & 0X ORHRDBUZ ¢
D SB35 isotopy HOHTHR/NTH 2 & T 5. (KREETIE L D isotopy FHE Z DR 72 5E
BRERCESTET. )

Definition 8. INX £ ) THHZ L F X Z cut$2 &V ).

X % S @ essential 7% subsurface T non-simple b D& 3 5. F72/¢ € CO(S) X X % cut
T5L95. ZOLEXRDISICERINS COS) 25 COX) D power set NDER 1y %
subsurface projection & K.23N.

N X @O component % «a; (i = 1,...,n) €335, W 0X Uaq; O X IZBIF S regular
neighborhood ® boundary component @955 “OX IZEFENR VB DT X T essential TH 2D
D" BT TIEEE no(ay) L ZBIZT B, ZDL %

77)((5) = U 71'0(041').

i=1
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Example. g=2,c=0,p=2 25 %. £/ S O essential subsurface X ¥, ¢ € CO(S) £l 7(a)
DEICELD. WELINX ={a, a2} TH2 (K 7(b)). TDEZE, mp(aq)(resp. mo(az)) 1& 2D
DIE my & ma(resp. n1 & ng) 5HK3 (K 7(c)). TD my, ma, n1, ng WEHWICER S CO(X)
DILE 2%, LI >Trax(l) =mo(ar) Umglag) = {m1,ma,n1,nat 72 (X 8).

X & mx DA X—=

Subsurface projection 2B L THIGNTWAHEL 2 DN T 5.

Lemma 1 (Lemma 2.1 [4]). X (& S @ non-simple T essential 7% subsurface &3 %. [ly, (1, .., 0]
%C(S)Dpath TIRTDL R X Feut LTVWEDDET 5. 2O,
diamx(ﬂx(&)), Wx(fn)) < 2n( 9)

[\
2n

9: Lemma 1 DA X—3
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Lemma 2 (Lemma 2.3 [6]). a,3€C(S) &L, a2 BlE X Zcut T5dDET 3. ZODH,
VkeN,dh: 5 — S s.t. h|S\X = idS\X,diamx(ﬂX(a),Wx(h(,B)) > k.

S S

‘ 7z
& -HE@
- = -
X X

10: Lemma 2 DA X —

3 Proof of main results

COHITIX, ERROGHZHENT 5.
S IFEEED g, BT DEDY ¢, puncture DD p DFIE(FIIAIREHEITH % Z & 2BV
LTHBL. S 2 annulus (resp. pants) with q (> 0) punctures TH 5 21X, g =0, ¢ = 2 (resp.
c=3),p=q THDHELZITWVI.

Proof of Theorem 1. Theorem 1 DIRGE (“g=1,c+p>3" £XlT “g>2,c+p>17") &b S
[EHWNZ disjoint 7% essential simple closed curves agl),a(f) T, agl) U a§2) xS %EPE XTIy
32X bDMBFEMETS. (HL Z 2T P = (annulus with a puncture) % 7z1& (pants with no
puncture), 22 X & non-simple TH 3. K 11 SO Z k.

S S

L %3‘
- - X JP

X P

11: S &P ¥ X 12533 al?, al? of

X ¥ non-simple TH 5 DT, X WITIZ essential simple closed curves 23FFET 5. D
B H 20%EN, ZN6% ap,dy £ 35, Lemma 2 IZ&D, 3h : S — S st. hlp =
idp,diamx (7x (ag), 7x (h(ah)) > 4 (K 12). ZTIZT ag = h(ay) &T%5. TDE X ap,az T
Theorem 1 OffifiZ AT I L Z2RT.
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X 12: h(ah) DA X =

Claim 1. [ao,agi),ag](i =1,2) 1 C(S) ND geodesic TH 5.

Proof. diamx (wx(ag),7x(az)) > 4 THEDT, ap & ag IRHB. Lo TENDZHS
1-simplex ZFE LAV, —H4, alV UaP 13 S % P ¥ X KO T0EDT, a0 & ol 3%H 5
v, 72 0l ¥y DRV (i =1,2). £oT [ag,al” as] (i = 1,2) 1 ap & ay EHER
path TH 5. U EIZED [ao,agi),ag] (1=1,2) 1Z C(S) WD geodesic TH 5. O

Claim 2. ag & ay %5 geodesic & [ao,agi),ag}(i =1,2) DVWITIhDrTDH 5.

Proof. ay & ay Z#E5 geodesic TTNLND S DOBFEL Tz T 5, HIB [Ha; # agl),a?) s.t.
[ag, a1, az] 23 C(S) ND geodesic | £F 5. ZDE Z, Pl simple TH D, S D essential simple
closed curves T P IZEZEN2 B DX a(ll) 7 a§2) I isotopic IR B DT, a1 & X Zcut 5. L
7235 T Lemma 1 &V,

diamy (7x (ag), mx (az)) < 4
DD LD, LU ag DEDFITED,
diamy (7x(ao), 7x(az)) > 4
ERDBDTINEBFIETD 5. O

Theorem 1 DFERA&H D .
O

Proof of Theorem 2. Theorem 2 DIRGE (“g = 2,c+p > 17 £/l “g > 37) & H SITEAEWIZ
disjoint 7% essential simple closed curves agl),a?),agg) T, agl) U a§2) U a§3) T SzZzPt XIZ
DIBEIBRDBDOMBFET 5. fHL Z 2T P = (pants with no puncture), 72 X & non-simple
Thd M13zBHDOZ L.

13: S & P v X 2533 al?, al?, ol ofl
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X ¥ non-simple TH % DT, X NIZIE essential simple closed curves NFET 5. ZD
B s 2 0% BN, ZNO% ap,ady £ 35, Lemma 2 KD, 3h : S — S st. hlp =
idp,diamy (mx (ao), x(h(ah)) > 4 (K 14). T IT ag = h(dy) £€F5. TDEL X ag,a 1
Theorem 2. Diffiawx A/$ I & ZRT.

X 14: h(ah) DA X =

Claim 3. [ao,agi),ag](i =1,2,3) 1 C(S) ND geodesic TH 5.

Proof. diamx (wx(ag),7x(az)) > 4 THEDT, ap & ay IRXHB. Lo TENDZHS
I-simplex (3fFE LRV, —77, agl) Ua§2) Uag‘g) XS %ZPEXIZHITWEDT, q & agi) =S
ZboRW, 2 al) ¥oay bEHSRV (i=1,2,3). £oT Jag,al’,as] (i=1,2,3) 13 ag &
as FAEAS path TH 5. LIEITkD [ao,agi),ag] (1=1,2,3) 1% C(S) ND geodesic TH 5. O

Claim 4. ag & as ZH#5.3 geodesic 1 [ao,agi),ag}(i =1,2,3) DWITNHTH 5.

Proof. ay & as ZHiiS geodesic TTHLAND B DOBEELTz T 5, BB [Fa) # agl),agz),af’)
s.t. [ag,a1,as] 23 C(S) WD geodesic | £F5. ZDL X, Pl simple THD, SHD essential
simple closed curves T PIZEEN5 D DI a(ll) 7 a§2) 7 agg) (2 isotopic 12725 DT, a1 1F X %
cut §5. L7D>T Lemmal &,

diamx (mx (ag), mx(a2)) <4

MDD, LU ag DEDHITED,

diamx(ﬂ'X(ao), 71')((0,2)) >4

EBRBZDTINIFTETHS. O
Theorem 2 DFERFEH D .
O
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