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Virtual knots and Miyazawa polynomials

HR LT RFRE: BLod BEER
(Z DFFFIEKIRZ Sk & D IRBETT.)

1 Introduction

virtual knot diagram £ 1% 1 @ real crossing & & %12 virtual crossing ® % D knot
diagram Td®h 5. $H 5 virtual knot diagram HMHD virtual knot diagram (2[4 2 (ZRT
generalized Reidemeister move ([3]) DAREIOEEIZ L >THRSND & &, 2 DD virtual
knot diagram IX[FfETdH 5 £\ 9. virtual knot diagram D FRMEREZE virtual knot & XX
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fEE D virtual knot diagram 237G BR[E]D local move & Generalized Reidemeister move
T trivial knot diagram 123 Z &R TE 5L E, £ D local move % virtual knot (Zx§9
% unknotting operation & K3
real crossing % virtual crossing (22 Z %X 3 D local move % wvirtualization & K 3.
virtualization (% unknotting operation Td . virtual knot K (ZXf U T K ® virtual knot
diagram % trivial knot diagram (29 % 729 2B E 7 virtualization DE/NEIEZ u?(K)

Thobd.
K= X

real virtual

X 3

virtual knot diagram {23\ T real crossing D LN %2 AR 28/E (X4 ) % crossing
change & X 3. virtual crossing % % 7272\ & 5 7% diagram % ¥ D classical knot (25
T crossing change 1% unknotting operation T& % #* virtual knot 123\ Tl& unknotting
operation TI&72\. crossing change (Z & - T trivial knot 12523 Z £ M TE % virtual
knot DEEIZHEWT, virtual knot K (2 LT K @ diagram % trivial knot diagram (Z
T 572 DITMER crossing change DE/NAIEZ u¢(K) THoHHT.

A= X
> 4

virtual knot diagram (ZHWTK 5 D local move % Delta move & X.&. classical
knot 123\ T Delta move |& unknotting operation T& % A* virtual knot (ZH W Tl
unknotting operation TIiZ72\>. Delta move (Z & > T trivial knot (25 D3 Z &N TE
% virtual knot DEAIZE W T, virtual knot K (ZX LT K @ diagram #% trivial knot
diagram (29 % 722 M E7R Delta move DF/NAEZ v (K) THHDT.
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R BTE 0 TR WEE n 128 U, n-writhe & JIENBIREKEOEHAEE J, %
E# U7 ([7]). n-writhe I virtual knot @ polynomial A% & index polynomial p;, odd
writhe polynomial f;, affine index polynomial P D&% 5 % 5. n-writhe IZ{RAKEH
FHE DAZ R T classical knot IZHS 5flIX 0 &7 5.

Kb, #HDF S TlE Kishino’s knot ([4]) & F UMEE % £ D fEFRAE O AR O H D17
EDR I N7z ([6]). Kishino’s knot K & J;(K) =0 (i€ Z\{0} ), Vx(t) =1, u*(K) =1
ATz d. TIT Vg(t) 1& K @ Jones Polynomial Z2H 509, J(K)=0 &b p(K) =
fi(K)=P(K)=0 &75%.

Theorem 1.1 ([6]).
IR DG % i 7= 3 #EBRAE D virtual knot K, (n € NU{0} ) BFHET S ;
Ji(K,)=0(i€Z\{0}), Vg, (t) =1 DD u’(K,)=1.

MHE O TIE J(K,) =0 (i€ Z\{0}), Vi, (t) =1, u¢(K) = 1 % &7 3 LR DK
RFE O HOFAEARE 17z [9).

Theorem 1.2 ([9]).
IR DG % i 7= 9 $EBRAE D virtual knot K, (n € NU{0} ) DMFAET 5 ;
Ji(K,) =0 (i€ Z\{0}), Vk,(t) =1 D u(K,)=1.

Wk, Ebsg, WP, EREDRRS T Ji(K,) =0 (i € Z\{0}), Vi, (t) =1 and v’ (K,) = 1,
Ri,(A,x) = Ro(A,x) = =A% — A72 ( O : trivial knot ) % &7z 3 fEBRME DK ARKE O H D
FEMRI NIz ([1]). T T Rg, (A, ) & K, ® Miyazawa polynomial % & 57

Theorem 1.3 ([1]).

IR DG 7% i 7= 9 fEFRAE D virtual knot K,(n € NU{0} ) MEET 5 ;
— A2 A,

Z ZT,0 IZ trivial knot 227"

PO T Ji(K,) = 0 (i € Z\{0}), Vi, (t) =1, u’(K,) = 1, Ry (A, x)
= Ro(A, z) = —A% — A2 % {72 3 SERRAE O (R AS O B D IEAEASR X vz ((8)).

Theorem 1.4 ([8])

IR D G 7% i 7= 9 f&FRAE D virtual knot K,(n € NU{0} ) MEET 5
Jz(Kn> =0 (Z € Z\{O}), VKn(t> =1 y UC(Kn) =1 75“9 RKH(A, ZL’) == R0<A,JI)
=—A? - A%
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AW TIE, ANDER 2R T

Theorem 1.5

IRD S % i 72 4 fEFRAE D virtual knot K,,,( m € NU{0} ) DMFIET 5 ;

View(t) = Velt) , 0 () = 1, Ji(K) = 0 (6 € ZV0}) 2 Iie, () = To(t), Il (£) =
[Io(t), ITI, (t) = ITIo(t).

Z Z T T trefoil knot 239,

Delta move T n-writhe & intersection polynomial 1 RZTH 2 ([1]).u”(K,,) =1 7
5 Ji(Kn) =0, I, (t) = Io(t), I, (t) = [1o(t), [1Ix, (t) = [11o(t) WEIPND.

2 Virtual knot invariants

Definition 2.1

K % virtual knot, D % virtual knot diagram &3 5. D % generic immersion S! — R?
D LTHARES. D D preimage IZH W T real crossing D preimage 1 — R TEW
725 D% D O Gauss diagram & &5, Gauss diagram 1235\ T real crossing @ L2777
O FRENT—RNIZKHZDT, LTFOX S BRROFEFEZZNEND I — NIZEID YT

%.
+ 1 -1
6
Gauss diagram G (X[ EDDOWZHE St &, bimA St FiZh 2 m KD I — RH ok

KENTWET T T7THY, I— RITIFEKAERFESNDIT 65N T WS, Gauss diagram 12
BT % Reidemeister move 1ZX 8 D K H 27 5.
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v = PO 2B T TRITED e(7) DOV GDIA—RET S, 4 1k P15 Q ~RHIA
DWVWTW5S. il P & Q 125 e(P) =<(v), e(Q) =e(y) 25A5%. v = 1@ XL,
are(~) EFE SUITHW P 25 Q ~IE ST SN P, Q #40MTH S, v = PO
D indexr & P & Q 2Rz arc(y) RIZHB2TOHBDOFSOREERL, TN % i(y)
ERT. BB n IZXHL G D n-writhe J,(G) % index n 2622 TDI— KOS5 DI
LEHETS. ([7):

~

n# 0L T J,(G) I& virtual knot K ODAZE&EE 5. MR J,(G) & J,(K) T%
ER

Definition 2.2 ([2]).
poled states % AT Miyazawa polynomial ([5]) ZE#&KT 5. & DF o7z virtual
knot diagram D IZBH L T, real crossing ® splice &FEFH L TW2 (coherent) £ D & FEFH
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W (non-coherent) LTWAHDD 2580 TH 5 (K 9). FEFEF (non-coherent) splice IZ
XNUTH 9 TRINTWS X SIZ short pole DRT Z DI} 5. state S & 1&, TXTD real
crossing % splice L TfE 545 virtual knot diagram TH 5. S DZNZND loop (X1

BAED pole 2H D.
A-splice /" \_B-splice " x

coherent non-coherent
> NS N
B-splice // \_4-splice " x
coherent non-coherent
9

ZZTSDloop CIZRHUT, B 10 I2RE N7z K 51T virtual crossing Z @i L C 12
BoTopole AT RTHZLZHL, BiELZ pole B C ERUCMIZHZ & E, ¥ 11
DE ST pole DRTZHOERLS . ZTDFEER, K 12 ITRINBE LI C T2 HD
pole DEEDIELS. pole DED % = \NC) TKT.

X 10

1 1 <

X 11

LYy

X 12

MNC)=1i D S D loop Bz \(S) &35, $74005
Z)\i(s) =19].
i>0

M D LD,
a(S), b(S) & S IZXF % A-splice & B-splice DE & U, 2= (21, 1,...) B L. Miyazawa
polynomial Rg (A, z) ZATFTO LS ITERZIND.

6
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RK(A, I) _ (_A3)—w(D) ZAa(S)—b(S)(_AZ - A—2))\0(S)xi\1(5)x;\2(s) o
S

Miyazawa polynomial & virtual knot D AZE&E T D, Jones polynomial O —f{LTdH
5. EB Rg(A,2) Ti>1IZHU oy =—-A2—A2 952 LITED (—A2—-A72)fr(A)
2182 Z LM TE 5. Miyazawa polynomial Ry (A, z) 1% classical knot K @& & ALED
i UT 2y DIHERTZR.

D % [AZ D} 507z virtual knot K @ [f]& D1 547z virtual knot diagram &3 5.
Miyazawa polynomial Ry (A, z) I&PAFDOBR %729 7 F 7 v b polynomial (D) %\
T (A3 vD(D) LEHTEHILETES.

intersection polynomial IZ DWW TIXEE. [1] 2SO Z L.

3 Sketch proof of Theorem 1.5

13 1Z/”°9 virtual knot diagram D,,, % % D virtual knot K,, ##% 2 %. K,, ® Gauss
diagram G, 1FX 14 DX 51274 5.
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Comiz Comis  Comis Comea =~ Cy Cs C C, Cy Cy C, C

9 K, XX 15 DODERS T 1 [B]D delta move #4775 & trivial knot diagram & 725
MR T 5.
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15 &0 ut(K,) =1,
IXIZ Jones polynomial Z3[H T 5L V(K,,)=t+t3—tidrGons.

%12 Miyazawa polynomial % 3159 5.

= { (AT A ATB) (AP 247 2475 £ 2479 — AT (2N (1) A

+ (—AT 243 — 2471 4 2470 — A70)(X2 T (—1)1AY) } < Q >
+{ (A7 + A= A3 (I (1) PATY) 4 (=A% + A° — A) (7 (—1)7AY)

+ (2 (F1) AN () (1) AT (A + A7) } < @ >

S (1) AR (2 (1) A (A7 24 - 240 4 247 — A1) @ >2

ki & D K, D Miyazawa polynomial 22 DfREIE w(D,,) =1 &Y
() (A5 4 24— 2475 1 24T — A (T (— 1) AR (! (- 1))

i=0 =0

U7z T, 2258 mn 2 U T R, (A, x) # Rk, (A, ).
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