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A cobordism realizing crossing change on sl(2) tangle

homology and a categorified Vassiliev skein relation

DR - 5 HH Al

2021 £ 1 H 26 H

RO XBIEPBERICH 2. Thizkd, ZoXHE2KRE U THEANEEOFBED
RS HHMEKE ORFAMFICERT D UGE2 LD I LI2T 5. FEARMIOEHD
FOMOHMEEFET[THLH D, TR UDITHEEIIH 72 5 NI FEL T KFDKILWLZ 5

A, HRSEE, ARy T OERRICEEHE L B0,

KE DR NEFM L [Ito and Yoshida, 2020ali2dH 0, Z Z Tl TIT - 7= FE M
IR TTRDFF R &2 RS 7203 5 Rl IZ AT 72 L AT U 72w, BUF, AREIZAS

BOIOHFEREL UTUTOMWAEZ 505,

fil 1. Khovanov homologylZ81) 5 R L IiXfan ?
ROFNUIERITE P RB VAR L UTHEBEHIIZEZDHDTH 5.

\/\:k\ saddle, /’< \‘)(%K:X' (1)

TN R AT A FEB L, U dJonesAy 1 VIR %2 FHE S 52,

() +0(X)

U2 L72d s, ZHidbidgree (0,0)5 2 Ermw., I 5icnws e, K<HMsnTw

* IR T2 N P AR

P RUR TR/ HUR R
EAMEROMDY — A% X AffibET W20 s,
*2 [Hedden and Watson, 2018].
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% *3Khovanov homology ® 52 24|

S Kh >< % Kh <K> SN S
% 3% < chain morphism «, 8% £ D & 5 ITHlAEDHLETDH, bidegree (0,0) DFELLH 1L15

S\, FZTEEMIZXDERIZLTAS.

2. VassilievE# G (2 i & 41 5 Jones% IH A D 28 D IR % 8 2> 70\ 28 78
l¥Khovanov homology k& D X SIZEBHN R INEDH?

SREDOEZIFRDBEY TH 5 :

ZOHNES UTHTL 200, —D2DFZH%HAT 5.

%3, Khovanov homology W5 £ DIk, 7V 727 F 7 v b DcategorificationiZ
RoTHD, {RM%E 2HEDsmoothing U 72 XA Dmapping cone& U Talid X T W
5. SWBZNET Ty VEHADOA 1 VERRICB I 55 &

X004 5¢) o
% categorify U7z % D & U Tk & 115 [Khovanov, 2000).

Z Z TVassilievhAZ & D25 s51, Vassiliev skein relation

(X0 =+(X)=(X) ®

WWEDEREINDEDT, (RAEFEMKIZ) 2FHSIZE U THmapping conelZ & - THEAL X
NBDTIFIRNZS S h FIZIFTIRO@E (Lemma 1) %72 HONH 5D TIERN
oRo R

*3 BRINIZIZ[Viro, 2004] T5 X 54, implicitiZ i [Khovanov, 2000]iZHh 5.
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Lemma 1. The following is a 0-sequence; i.e. the compositions of adjacent two

morphisms vanish:

Xp+0ch= () (]

FROGEHTHEED LD, ZITHENS § IZDOVWTHEZXTASL. 2RTTQFT, %
721E(1 + 1)-RETQFTE £ EIEN 5 £ D% Coby 75 Mody ~DEFTHS (I
7% 3 %). Khovanov’®, Z 0% fl\»CTKhovanov homology%# 5-27- Z & 1345 Tl3A
#HHFEE L 7> T3 [Khovanov, 2000, ZZTHYIVYATA MZENLME St (2
LT Z(SY) = A 53R A lZcommutative Frobenius fA#{Td % (commutative
FrobeniusfA# & 2 ¥Rt TQFTIE 1 & LIZHIGd ). ZD728, MHEIEE m, RE A,
unit, counitZFE X 52 2124 5. SEHLTWS (Lemma 11BN 3) § IFTQFTTIX
Coby 706 BAVX suddle (26 6d 5 -

/v\ / \
o | _> | | .
\/\// \ /

Z O THRHZKhovanov homology (2B > T Mody 5Bk 5 LIRDIICHZ 5 (K

oo~ 2 Wi
“ D () — %
ab (X
(- =< DIOERE
7 0 DEC R
) — )X“\

(ie., FoTH B Z & z2ifin L TW/ Y= hD—D [Ito and Yoshida, 2020b))
mAm(1® 1) =2z

3
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1

O THE2BYOEREVNVEEZONS.
T bbEIZEMAT 5 two suddles &

Am(lel)=1z+z®1
EHLLTY, JIDOERENT

me)Ax)(Ilel)=me)(1z+z1)®1
=2r®1

YARBENIY T B LITETK.
DEDERNS L8 (Am— (me1)(A®1) 2Bk 3L RHICE > TEATHIC
U B70 LARWA, 75 TlRAw. FEIE,

(Am—(me)(A®1)(1el)=1z—2®1

Iz 5
I1l—1Rr—2®1

&\ S Kt iZKhovanov homology®  (positive crossing% £ 3 % /5 D) first Reide-
meister move 1281} 5 REMZFET 22BN S ([Viro, 2004], —DTQFTIZX L

TI&[Ito, 2020](: L (2010) DAIEE)).
Z Dtwo suddles Am — (m ® 1)(A ® 1) Zcobordism& UTEHL &R%2155 :

Zhibidegree (0,0) ZffD & THB. ZD & OFERIFIROFREZEL

Theorem 1 ([Ito and Yoshida, 2020a]). There is a non-trivial map

o0 (X) = ()

of bidegree (0,0). Furthermore, it is invariant under moves with respect to double

z' R o / R/ \ e
o K= X B g
/ \ 4 » N

4

points:
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EFDOKhovanovDEZLE U TQFT Z (= Zp)iZ 287 X =& (h,t) (1 ETQFT Z,,
IZ— b= 11[Khovanov, 2006], € DOEKTRGEIVEFLSND.

Corollary 1 ([Ito and Yoshida, 2020a], Categorified Vassiliev skein relation). For

every h,t € k, there is a long exact sequence

S]] [X]
S XX ad)]

CDESZERIDOF A T —% & % &the Vassiliev skein relation:

(ran[X]) (X)) 2 (s X))

“MEonsd., ZD7z, AFKREBY— H |FVassiliev skein relation®categorification %
HBZTW5, W5 ZEiZhs.

Theorem 2 ([Ito and Yoshida, 2020a]). For every singular tangle diagram D, there

exists a complex [D] in Coﬁg(aoD, 01 D) having an isomorphism

XT = (IXT = DXD)

[D] is invariant under the moves of singular tangle diagrams.
Remark 1. %12 s1(2) homologies Dsingular link ~NDHLEZE 52 TW5. 21X, Kh
(with arbitrary coeff., h =t =10), Lee (Q, h=0,t =1), BN (Z/2, t = 0), etc.

S ®embedding space# HU D % 5 VassilievEL i &\ 5 Bl ih 5 1R DGR A E AN 12
25 EMTFHlENG.

Theorem 3 ([Ito and Yoshida, 2020a], Categorified FI relation). If a singular tangle

diagram D contains a local tangle of the form

X

then [D] is contractible; i.e. the identity is null-homotopic.



145

VkolTde, ES50UTCINNEHEERONPLE WS Z EIZ—HEZMEITTLE> 2B L
iz, 20, 2O "—BROENK" XEGL S WG A OFIBGRA L £ 5 ThWEEDH
ROEREZoND., X EAEIZIX first Reidemeister movesiZHiiL 5 "$2 0 "D Rk
EFRETEIE-EDTE. MOKXERTWEEZN

RAZMRA T SR {AOFES e S5 | G TOBENT
(cobordism) D
(1) Jones skein relation 51(2) framing D ffi i
(5) Vassiliev skein relation o AATRED D
(Theorem 1) | monodromy®gtik

WIS EFTH AL ED 1 B HIZKhovanov homology Kh** @ bidegreenZ A3 5 %8 £
#1D cobordism (Jones skein relation HRDHERD /L), KD 2 Bt H iZbidegree % 28
LI RBRNWZEZZID cobordism (S EDFZH DFIE) TS T 5. £D217H,
% DREEIZBE 9 % JE H B Z2monodromy 2 D WTHE L & 5. N ORIEAZ AT ¥y DJF
D% 187 5IEHMH A path (monodromy)%#L L, ;%@ Spath (b) I&"BEHZ "%
7

Z ®monodromy D "BEiwb" 1T RADE D D 23 D OpathiZIROR AP TH S5 Z

LD,
o] —— [x]

BHODIZEMRPAKEEDHE2THAS Z e a2 LTH L. HlAXHER

*4 #(2)Ix[Hedden and Watson, 2018], #®&[Ito and Yoshida, 2020a]iz & 3 ({1 LF2DH34 D 4IH!
1X[Ito and Yoshida, 2020b]).



146

X[Ito and Yoshida, 2020a] TI1X2E A% 1 D A - 7zsinguler linkDFHHEHFIA D 555, D
BZ 0 & S REHEIL S HMK O §3# [ Yoshida, 2020]i2 & - Tstate, complex® L )L d2 &
HERINIZ T oD ULEFHETITDONE Z 2 Bbh D, ZD'"categorified" first derivative
DT - WO E U RSN D OH 5. KiiZcategorified Fl-relation(d —f%
Dnugatory crossing & #k5E X 1172 [Yoshida, 2020).

VassilievHGiiZ & U Khovanov BER IEABEMNIZH L WHA» O RHIZAEINL S & U
THEY, BHNTH D Z L IFMEVR V., 7272, ZORKRITHEG e U TN L L
MOBESTWSRD, HERDOESVWEEBEBTTHT S DIZEZIZE > THREZRN
Ths.
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