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THE BREADTH OF THE JONES POLYNOMIAL AND
GENERALIZED TWISTS OF A LINK

MASAKI OKANO

ABSTRACT. We investigate the breadth of the Jones polynomial in generalized
twists of a link. In particular, we consider how the breadth changes by adding
generalized twists. Further, we study the crossing numbers of links obtained
by generalized twists.

1. INTRODUCTION

An m-component link L is a subset of R? that consists of a disjoint union of
m-simple closed curves. In particular, a one-component link is a knot.

Let L be a link and D be a diagram of L. The crossing number ¢(L) of L is
defined as follows:

¢(L) := min{c¢(D)|D is a diagram of L},

where ¢(D) is the crossing number of D. We calculated link invariants by using the
software [2].
We list basic facts about linear skein theory. See [3] for details.

Definition 1.1. The Kauffman bracket is a map from unoriented link diagrams in
R? to Z[A, A7Y]. It is characterized by the following recursive formulas:

« (X)=aQ 0+ a7 (X).
o« (OIID) = (—A2 - A2)(D),

. <Q> — _A2_ A2

Definition 1.2. Let D be an oriented diagram. We define the writhe w(D) of D
as the number of positive crossings of D minus the number of negative crossings of

D, where a positive crossing and a negative crossing are described in the diagram
(See Figurel).
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W

FIGURE 1. The left and right are positive and negative crossings respectively
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Definition 1.3. The Jones polynomial Vi,(t) of an oriented link L is a Laurent
polynomial in tz. It is defined by
(_A3)7w(D) _
VL(t) = w<D> |A2—p-1/2€ Z[t1/2,t 1/2],

where D is any oriented diagram for L and w(D) is its writhe.

Definition 1.4. Let L be a link. The breadth of the Jones polynomial B(Vy(t)) is
defined by the mazimum degree of Vi, (t) minus the minimum degree of Vi,(t). Here,
the mizimum degree and the minimum degrees are the degrees of Vi (t) with respect
to t.

The following proposition is a basic property of the breadth of the Jones poly-
nomial. Kauffman, Murasugi and Thistlethwaite found this proposition.

Proposition 1.5 ([1], [5], [6], [7]). Let L be a connected link with n-crossing dia-
gram D.
(1) B(VL(t)) < m,
(2) If D be irreducible and alternating, then B(VL(t)) = n holds.
Corollary 1.6. We have
(L) = B(VL(t)),
where the equality holds when L is alternating.

Definition 1.7. Let F' be an oriented surface with a finite collection of points
specified in its boundary OF and A be a fized complex number.

The linear skein S(F') of F is the vector space consisting of formal linear sums
over C of link diagrams in F quotiented by the following relations:

(1) D][(a simple closed curve) = (—A=2 — A?)D,
@ X=a)(+41X

Definition 1.8. We call S(D?,2n) the n-th Temperley-Lieb algebra TL,,.

The TL, is generated by elements {1,,e1,ea,...,en_1} shown in the Figure 2
and any base element of the Temperley-Lieb algebra as a vector space is a product
of these bases. In diagrams, an integer n beside an arc means n-parallel copies of
that arc.

n-i-1
1, = n ,ei = — -
i-1

FIGURE 2. The basis of TL,

Definition 1.9. We define the Jones-Wenzl idempotent in TLy inductively by the
following equations:

l m 1 = ;

1
n r———1_n — _M .
- n-1 1 n-1 An—l n-1 71-2 n-1’
N S

2(n+1) _ 4—2(n+1)
where A, = (1) A =4
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Proposition 1.10. We use the following formula to calculate the Kauffman bracket:

e B e e G e W

Proposition 1.11. We denote by ™ the Jones- Wenzl idempotent. The following
equalities hold:

o f(Me, =0 = eif(")(l <i<n-1),

e The closure of f™ is A,.

2. GENERALIZED TWISTS OF A LINK

Definition 2.1. For (3,3)-tangles T and S, we denote by T'S™ the (3,3)-tangle
as shown in Figure 3. We also denote by TS™ the link obtained from T'S™ by
connecting the top and the bottom by three parallel arcs. We call this operation a
generalized twist of a link. If S is an ordinary twist, this operation is a twist of the
link. This operation is a generalization of twists of links.

We consider a linear map S: TL3 — TL3; — . Then, we represent S

by five bases of TLg3 as follows:

:al

+a2U | + a3
o

H+a4U/ﬂ +a5N.

Here, a;(i = 1,2,...,5) are Laurent polynomials of A.
We obtain the following presentation matrix:
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Proposition 2.2. Let S be a (3,3)-tangle. Then, the presentation matriz M for
the TL3 basis is presented as follows:

ay 0 0 0 0

as ay+ asAy +ay 0 0 as + agAq
as 0 a + G,:_),Al +as as + a5A1 0

aq 0 as + agAq a1 + as A1 + ay 0

as as + asA\q 0 0 a1 + as3A1 + as

Proof. For simplicity, vy, v2,v3,v4 and vy are defined as follows:

7U2=61=H ,Ug = €3 = ‘H,m:eleg:%,

|

vs = eser = (*J

We obtain the following five equalities by applying v1, ve, v3, v4 and vs to the tangle
S.

S )= v + agv2 + azvs + aqv4 + asvs,

(
\

= aie; + asArer + azese + ager + asNieseq

= (a1 + a2A1 + a4)ve + (az + asAq)vs,

= aiez + azerer + azsAres + asAreren + aser

>d)—= >qw)

(a1 + asA1 + as5)vs + (a2 + asAq)va,

=ajeies + asAreres + ages + aseres + asAjen

= (az + asA1)vz + (a1 + a2Aq + aq)vy,

= arezer + azer + azAreger + asAier + asezeq

%"E>")

= (G,Q + Q4A1)1)2 + (a1 + G,gAl + a5)v5.
We obtain the desired result by displaying in a matrix. (]
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We calculate the n-th power of the presentation matrix. We obtain the eigenval-
ues and eigenvectors of the presentation matrix, and diagonalize the matrix. Let
P be a regular matrix such that N = P~'MP is a diagonal matrix. Note that
M™ = PN"P~1. Denote M" by (ai,j)i’j:LQw.’g,.

So we can write

[ = 01101 + a21V2 + a31v3 + a41v4 + a5105.

Therefore, we have

= a11 + a1 + a31(7) I + a41 + as

We study what the Jones polynomial looks like when the same copies of tangle
is composed.

3. MAIN RESULTS

Definition 3.1. Let Ty, T, and W be the following tangle diagrams:
y
Ty := ,l_'—'lm7To = @U,W = ?}J
nt [

We call Ty and T, the ordinary twist.
Remark 3.2. As elements in TL3, the following equality holds:
T, = (—A)Ty.

Proposition 3.3. The breadth of the Jones polynomial and the crossing number
of WTF are as follows:

—3k+3 (k<-1), *]fk ! (Z i -2

BV () =3k +4  (h>1), eTh=F T (E=D
1 : o) 6 (k= —1),

’ 5 (k= 0).

Proof. The Kauffman bracket of I/I//?O’C is as follows:
<@> _ (_1)kA15k+1A1(A4 +A_4)
— (—1)FASFTIA (A 4+ 24% — 242 12472 - 2475 4+ A710),
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We calculate the Kauffman bracket of W//ﬁ“ in two ways. We have

q _ (71>kA15k <
_ (_l)kA15k+1 :

_ (—l)kA15k+1A3
_ (_1)kA15k+1(_A6 _ A2 _ A—Q _ A_G).

Next, we use the Jones-Wenzl idempotent as follows:

e ﬂﬂ

k

kA3k 1(A12 A8+A_8—A_12).

=WT

Therefore, we have o

(_1)kA15k+1(_A6 _A2 _A—2 —A_6) — <WT§> +(_1)kA3k—1(A12 —A8+A_8 _
A—12)_

The crossing number of WTF can be seen by the linking number.

In the case where k < —2, we can deform this two-component link as illustrated
in Figure 4. This link consists of two components; one component is (2, —2k — 1)-
torus knot T'(2,—2k — 1), and the other component is the unknot. Further, the
linking number of this link is 2k. Hence, the crossing number between these two
components is —2 times the linking number 2k. Therefore, the crossing number of
this link is —4k 4+ (—2k — 1) = —6k — 1.

Similarly, in the case where k& > 1, this link consists of (2, 2k + 1)-torus knot and
the unknot, and the linking number is 2k. Therefore, the crossing number is 6k + 1.
See Figure 5.

In the case where k = 0, this link is the Whitehead link, so the crossing number

is 5. Lastly, in the case where k = —1, we can reduce the crossings of this diagram
significantly. See Figure 6.
Therefore, in the case where k = —1, the crossing number is 6. O

Corollary 3.4. In the case where k > 1, the following equality holds:
c(WTF) — B(Vw(t)) =3k — 3.
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FIGURE 5. In the case where k > 1

FIGURE 6. The case k = —1

In general, the following theorem is obtained:

Theorem 3.5. Let R be an arbitrary (3, 3)-tangle. Ifn is large enough, B(Vgz (1)) =
1
3n + a holds, where a is an integer.

Definition 3.6. Let I be the following diagram.:

1;:%.

Remark 3.7. When n is odd, The link @ is a two-component link. When n is
even, the link T1I™ is a three-component link.
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Proposition 3.8. The breadth of the Jones polynomial ofﬁl{lf\” is as follows:

o + 4 (0§n§4),c(1{1\n)_{2n+4 (1<n<3),

Proof. As an element in TLg, the following equality holds:

o R |4z

Therefore, we have a1 = A,a9 =241 — A7% a3 = A3, a4 = A and a5 = A.
Hence, we obtain the following presentation matrix Ms = (a; ;).
ail = A,a12 =a13 = ayq4 = a5 = 0,
as1 = 2471 — A75, 9o = AT — Ais, a3 = a4 = 0,005 = —A° + A7l — AS,

4 A3

43 _ _ 5 DT _
az; = A%, a3p = 0,a33 = A — A’ a34 = —A7",a35 = 0,
_ _ -5 2 3 R _3 _
agn = Ayas0 = 0,043 = —A7 + A7 — A% agu = A" — A7, ay5 = 0,
_ _ a1 _ _ 5
asy = A,as0 = —A7 ", as3 = asq = 0,a55 = A — A°.

Next, we calculate M3. Let x5 be v/1 — 244 + 348 + 3A16 — 2420 + A24  Then,
the eigenvalues of My are as follows:

1—A*+ A3 — A2 _ gy 1 — A* 4+ A8 — A2 4 o,
’ 2A7 ’ 2A7 '

4, 48 a12
The multiplicity of A is one, and the multiplicity of % and
4, 48  Al12 . . 4, 48 4 4
A4 A 22 are two. The eigenvector of A is (LA 14 LA 11 7).

) A4 A8 12 . A4 A8 al2
The eigenvector of % is (0, —W,0,0, 1) and

4 A8 »12 . A4 A8 gl12 .
(0,0, — _1;3%(-{:4,4;;4,48;12 ,1,0). The eigenvector of W is

1A% A8 412 —14+A A8 A4y
(07_#7070,1) and (O 0,_ ;_AQ(T_A4+A8)3'2,1)0).

The Kauffman bracket of 1{1?1 is as follows:

A

1— A* 4+ A% — A2 4 gy

(TIm) = 277 (2" A" 4 2m ATOFT - ( G )"
1—A* 4+ A3 — A2 — gy
( e MNATCAL
From the calculation of Kauffman bracket, the breadth B(V=+ (t)) can be di-

TIn
vided into the following two types, that is, the value of B(V==;(t)) changes de-

pending on the magnitude of 16 + n and 5n. n
(1) In the case where 16 + n > bn, that is, 4 > n.

The maximum degree and minimum degree of the Kauffman bracket
are (16 + n) + (—6) = n+ 10 and (—7n) + (—6) = —7n — 6, respectively.
Therefore, the breadth of the Kauffman bracket is B(Vy (¢)) = 2n + 4.

(2) In the case where 4 < n.

The maximum degree and minimum degree of the Kauffman bracket are
5n 4 (—6) = 5n — 6 and (—7n) 4+ (—6) = —7n — 6, respectively. Therefore,
the breadth of the Kauffman bracket is B(Vy (t)) = 3n.

It turns out that 717 is T(2,6) and T1I2 is T(2,4)#T(2,4). Therefore, c(ﬁ) =6
and c(T/lp) = 8 are obtained.
The link T/1T3 is deformed as in Figure 7.



122

THE BREADTH OF THE JONES POLYNOMIAL AND GENERALIZED TWISTS OF A LINK9

—
: %

e ﬁg)
& y
SN—] N

FIGURE 7. The deformation of ﬁ?’
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In the last figure, the crossing number of the diagram is 8, and this link is
alternating. Therefore, we conclude c(T/1T3) =38.

Hereafter, we consider the case of n > 4. We can deform the diagram of m as
in Figure 8. The first diagram of 1{1?1 has 3n + 6 crossings, and the last diagram

)
;

%

P
1
000
N—/

=

-

—
FIGURE 8. The deformation of 1{1.7\”

has 3n + 2 crossings. Therefore, we have c(m) <3n+2.
As noted in the above remark, the link 77 ™ has different numbers of components
depending on the number of twists. Therefore, the proof is divided into the following

two cases. See Figure 9.

5
i

)

::3/\/:’\'\1\,
)

=
e

O
3\,—\_/
o

R

/_\/

FIGURE 9. In the case of (i)and (ii).

(i) In the case where n — 2 is odd.
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In this case, the number of components is two. In Figure 9, the red component
is the (2,n — 2)-torus knot T'(2,n — 2), and the black component is the trivial knot.
Then, the linking number of TiI" is n+2. Therefore, c(ﬁ) > (n—2)+2(n+2) =
3n + 2.

(ii) In the case where n — 2 is even.

In this case, the number of components is three. In Figure 9, each component
is the trivial knot, and the red component, the blue component, and the black
component are represented by L1, Lo, L3, respectively. Then, we have 1k(L;, Lo) =
—n2+2 and lk(Ll, Lg) = lk(LQ, Lg) = #

Therefore, ¢(T11") > |21k(L1, Lo)| + 21k(L1, Ls) + 21k(La, Ls) = 3n+2. O

Remark 3.9. In the case where 1 < n < 3, the link 1{11\” is an alternating link.
As a corollry, we have
Theorem 3.10. For k > 4, the following equality holds:

o(TiT7) — B(Viga (1) = 2.

By the above theorem, the following corollary holds:

Corollary 3.11. There exist infinitely many links with the same ¢(L) — B(VL(t)),
but with distinct the crossing number.
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