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Twisted Iwasawa invariants of knots, a précis

Ryoto Tange and Jun Ueki

ABSTRACT

A IE 2020 4 12 HICHEZFREE X O Zoom THIfE S 7 iigeth s THE O H 0%
I, OWMELEDLDIERS NI L DT,

Let p be a prime number and m an integer coprime to p. Based on our previous
studies, we introduce the twisted Iwasawa invariants A, u,v of Z/mZ x Z,-covers of
knots with SLy(O)-representations over S-integers O = Op g of number fields. We
prove that the set of A’s determine the genus and the fiberedness of a knot, yielding
results on profinite rigidity. Intuitive examples attached are \’s of the figure-eight knot.
In addition, we study p’s of various SLo-representations of twist knot groups to prove
1 = 0 theorems for certain classes, as well as to find examples with u > 0. We attach
several remarks and further problems.
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1. Introduction

FREREOH, RER L 3 XTSRRI DOFRIEZIBTET 2 BERrINAHR M2 Ic B W» T, oI
e ) GFEEGR & Alexander—Fox PG O RHRUE 13 HLUNIC I TH % [Maz64, Morl2). 5O H
DN IZIE L L Alexander ZIHRD IR H 2 23, FHEOMITH MO BEMRICE VTR
o2 MR HEL T3,

SBNORENH K 2525, piFE, mZp THOUNROIEREKE L, nr 3IEBEEE
235, MiEMX =9 -KDZ/MZHE X, - X IZ20T, Hi(X,)Db—>arDREZ
% Alexander A DK MHEHE Res(A g (¢),t" — 1) IZ &k > THET Fox DA (cf. [Web79]) *,
Mahler HIEEIZ & ZWEAT [GASIL] MHISNT 5, FAHHEARD p RS X R
& LT, pitfheight IZ X 2WHAAI [Uek20a], £/ Z/p"Z#EHD p b — a VIZBHT 2 5EHA
K23 % [HMMO06, KMO08, KM13, Uekl7, Uekl6, Uekl8a]. FHH bl I E TlZ, WREMN
HEHEORBTIZ -7 DIZOWT, Fox DS Mahler HIFEIC X 20X OIRER 5 2 T&E 7
[Tan18, Uek20b]. AfFTIdfNHIOERBUNMIET 2 HBUNEEREE, 2EAL, Z0ME
ZER 5,

—RUHE O H Rk A H O EEAZL BRI, Alexander ZHA D 6 HIEHHTE 3, LbIFIEHIC
FOALRTH S, HADBMDHEDIL, BVWAEEHLSEELREHEI/IMOEESD, L) 51
TORETH 5. Frox OFGFIZEIGRERIME [BF20, BR20, Reil8, Liul9, Liu20] O —ff & f7iE-D )
LHENTE, FEWHICHKENEEZ NS,
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p@%ﬁ%@:%%zm%%%z,@wzwéwﬂ%mw%&@X.ﬁﬁ%F@%ﬁ%mm
{ODDRTLOHTER AT MZ - DTH D SEHIRO = Ops WS, HHED SLy(0) £BL
p 2L, Fox O/ Mahler B % W 72T A3 (Theorem 2.1) , F 7GRN D 37
D HDEBN v 3BT, FARERCED r IS L || Hi(Xompr, p)tor|p = p~ VTP ) T
% (Theorem 3.1) . D\ u,v%, KDZL/mZxZ, BEBL p D HEUWERAZLRE, L),

BERIC BT 2 HE N AERIZ ) — < VIEORBROEYCH o 7. EBE, ) — Vi D5
BITHY % Riemann-Hurwitz DR &, Z, KD p BHLRITNT 2 Kida OAROEBIMEDHI S
T3 [Kid80, Iwa81, Gra79]. EMEFED LA D Hachimori-Matsuno [HM99] 7 E23% 5. & A
Ho Z, $8 D p TN $ % Kida DAR b ERXL I T 3 [Uekl7].

Bxlx, H2Z/MLx L, BB E p DETEALRD S8 U 1 Alexander ZIHH D X ES° monic
PENPEILTE S Z L% T (Theorems 4.1, 4.5) . Z#UTiE (J&RUH) Alexander ZIHADHEIA R
W1 2 FH R 2 BRI 7 p itV 72585 [Uek20a, Uek18b, Uek20b] 233 5. & U 41 Alexander
%IHUZBE T % Friedl-Vidussi DFEWHE [FV11, FV15] ZfFgiuf, {20 UEE A AERIC K -
T, BOHD 7 7 A N EEEPRESI NS Z EDMED (Theorems 4.3, 5.1) . ZUIFENHD
7 7 AN—ME X OHEEORIARMIE%Z 5% (Theorem 5.2) .

BEmc B 1) 555 p AZEIT Mahler HIEED p P H 72 2 RN B ALERTH D, Mo
Zp ERIZN S 2 = 0 13H5EN 22T - EETH 5 (cf. [Iwa73, FWT9)]). #&AHD Z #HEICE W
TUE, A u AZR, Alexander ZHHADREXIRZE ag, £ & O Alexander IFEF~ND XY T4 7
AEHICBEY % Bowen D pii > h @ B — hy, L DRI/ T ZARADH S T % [Uek20a), i
CHOBAIE Ak(1) =41 KOHSIZ p=0Th 5.

He2 3 2, BB L L/mZ x Ly BEDEEE n FMERDBIRIEZ A5 (Theorem 4.4) . 72,
REBLD = pmodp IZOWVT Ag,;(t) #0 THIUL p IOV T pu=0TH5 I L %KY (Theorem
6.1) . Friedl-Vidussi [FV13] IZ X #UXT& U 41 Alexander ZIHRDY 0 & % 2 HIREHED RBIHE I
HIET DT, TORE M-I 5 EiF—RICIEAHTH 5. HLIEY A A MERH J(2,2n)
DRIRIER SLo(0) RIADIZ L NUAEALRIZOWVT u =028 D 32> & (Theorem 6.6) %Gl
HIZkoTHED»® %, FRFIRTHRPEEBICO W TH FRKDOKEE (Theorem 6.7) #1535,

I, BIET 2 PRCMEZGET. F72oUiREDRIC, WEFEEOHREEILSH (TangeTranUeki)
DIEIER Z 1

2. Twisted Alexander polynomials and cyclic resultants

MOHME T = m(S° — K) D7 —WAbER o : m - 2 %E 25, t 3R RAERITTH 5.
Kera ITIXZ#8 Xoo - X =83 — K 203007 %, 22 Tlk O %I Noether UFD & ¢ 3,
#Blp: 7 — SLy(0) TI&> 7z i-th Alexander M#E A,; & 1%, Shapiro DHfIEIC X H BARICFEIE %
ROMBEZB ZDEZR VI Hi(X,p® a) 2 Hi(Xeo, p) 2 Hi(Kera, p) & Hi(m,p @ ). A, 1% t2
DIV X > THRAEK Ao = O[t?) Bt L %2 5. HIRAK torsoin Ap MEFTHZ & &, 2D
initial Fitting 4 7 7 L @ divisorial hull D4 %It % i-th Alexander ZIHA & 2 A, ;(t) € Ap &
L (RIZBRIZBWT, A T 70V a 2O EA T 7IILVEEDORH D) % divisorial hull & FES,
BROTCOHBRG 2 R 72 RE = 2 VTHT)

L ODBETHD phiSLy BRIRBLTH UL, A, =1ThH D [FKK12, Proposition A], A,;
lZ Reidemeister F —3 3 > & L TOIRU L Alexander ZIHIN 7,04 (t) & Ao DHEAEZIRE BT
5. —7, L OWPREUAD SEEI Ops TH D, FREH pmodp BEEKITHIUL, p LOFE
ATTIpITHL Oy TO D piE5EiLZ R, Ay =1, Ap1 = Tpga in Ao, = Op[t7] £ %
[Tanl8, Corollary 3|.

O=0psDEE, §:=Nrp;pS tEHL. LA f(t) € O] 1IN L Nrpg : O[t?] — Zg[t?];
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F&) = [ppoc f@)° EVIEBEEZSL. OWBPID THZPEIPITE ST, Nrpgd, D
Zs[t*] L Fitting ideal DEIRIGIF Nrpjgl,i(t) 7% 5. Z4Ud [SWO09] D FH T ZIE total
representation IZA B9 %12 U4 Alexander ZIHATH . (Nrpjgl,i(t) NZ[HH] DEBRILA,,; €
Z[tE) W ->TEL.

ZIHA f(t) € O[t"] 1oxt LIKIAHEHE N2 Res(f (1), 1" — 1) = [[eny F(O IS X TRIHT B,
I LHA DR Z R AT DTN RIC L > TEHESI N, IO DLt % s, —MITHREE
GITR Loz |G| L3FH L. 7—VEEG ISR L torsion B0 HEZ Gior & <. BED p itk
JNVEE mptl, =p T Ik o TED D, LHR f(t) € Z[t7) 1xf L Mahler I & p i height 723,
log M(£(£)) = /|| 110g\f(z)\d;, log M,(£(1)) = lim 3" bg\i'(g)y ko> TREDENG, TS

z|= (n=1
LT 1R B B OBYICRIRT 2 Z L3 CE B, f() = S aitt = ao [1( — o) &
FHITE, M(f(1) = ao [[; max{L, |as[}, Mp(f(t)) = |aolp [T; min{1, ||y} = min{las|,}; 238D 37
. [Uek20b, Theorem11.1] & FAERIC L TRBF R 5.

THEOREM 2.1. p : m — SLy(0) IR L A,; VEIRAER torsion Ao = O[] MEETH 5 & ¥,
ZInZ7 78 X, — S® — K 7 51IZ20n T,

(1) Wang 54D IR A,/ (" = 1) Ay S Hi(Xo,p) 9555,

(2) Un(t) = ged(Api(t), rn = Res(Dp, (1" — 1)/, (t )) LRI

| Hi(Xn, pltor| = cnlrn| H 7nlp,
peS
cn = |(Api/Un(t)Api)tor| DI D LD, ¢, ZHERLEINTH 5.
(3) Mahler WIFE M & p i height My, (22T, DA OWEHREARAE D 32D:
1 —~ . R
lim_ [Hu(Xo ) = MBpa(t). Tim (Ko 91 = Mp(Ba(t):

n—oo

3. Twisted Iwasawa invariants

HIEHEE O = Ops &L, Fp LOFATT A p ZWY, Op Tp#EEEE ImO/p"0 2 L7,
p €S DL EI ptorsion WHHE R 270, HODPSp g S ELTEL. p: 7 — SLy(0) I
U A, DYHEBRAR torsion MBETH D A,; € Zg[tl] WERIN T2 LT 2, ZFEOE2E
[fl% Z/mZ B B 2 7 b DD Alexander LIS [[om_y Api(Ct) 7% Z EITHEET 5.
Theorem 2.1 (1) DR, 7 (2) THr ML (# —1) | (7 —1) THB I EH5 r> 01K
LUy(t) BEW ey D=L %2 I EITHERELTEL, [Uekl?, Theorem 4.9] & [FAERDEIC X
0 SN Ap i=lm H;(Xppr, p® Op) IR torsion Z,[[T)) ML 72 D, Z DREL A

& Tlemey Api(C(1+ T)) LD, EEREAR Z,[t%]) S Z[[T));t — 14+ T & pit Weierstrass (i
E P [WasQ? Theorem 7.3] %Fﬁbl?ia(%ﬁﬂﬁi@@@ﬁ’]ﬁuﬁnﬂﬂ (cf. [Ochl4, EPE 2.45, 1 2.50],
[Was97, §13.2, 13.3]) IC& D, ROEERMUAAZES,

THEOREM 3.1 [[em_; 8,i(C(1+T)) = P(TA + p(lower terms)) in Z,[[T]] % #5723 p, A € Zso,
Lkv e Z?b)#akﬁf , TAREBEED r I LRDIED 32D

|| Hi (X, p)||[p = p~ O F#27 ),

DN, v % pl Z/mZQ L, BED i-th GEEALRE WS, p° i 2B BRI T &R
FTA= Ay = A = Ay DX I ICET,
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AU < piE Weierstrass #fiiEPIC L oT, & <ITSLy(0) KBLD Reidemeister torsion 7,pq(t) =
Ap1(t)/8p0(H) IZHL [Teney Nrpygmpea(C(14+T)) = pr (TA +p(lower terms)) in Z,[[T]] &3
W, iy = 1 — o, Ar = A=A DI D 2D, DWOTIZ vy = vy — 1y EED, T35 % Reidemeister—
Iwasawa invariants EWHZE 9, % < DEA, AN AEREZFOOIZ NS TH S, FIREH pmodp
DRI THIUL A o(t) =1 & D pr = py, A\r = M\ D3R DY 372D,

EXAMPLES 3.2. K = 4; (figure-eight knot) ®+8a /) I —RIID SLy(C) ~ND 22D 7 b 2E 2
2L, MBET% (i=1D) &N Alexander ZHAF AL(t) =t +4t+1ThH 5. AL (1+T) =
T2+ 6T +61FX=X3=20=00p#23). A_(1+T)=T?-2T+21F X =2,),=0
(p#£2). WIFNbpll k6T p=0 41/ I—RBDY 7 I spin #HEICTIET 2 DT, ZDH
T3 Z, WEDOHEE N AL R spin EZ XA T2, EbFZ 5.

4. Z/mZ X Zy-covers

LHBOWMIBEE L TROND Z/mp'Z = Z/mZ x L)p" L EBDOIN 2 H 72 5 2 L TRons,
Z/mZ BB R EZEM L T2 7, 858 %, AT Z/mZ < Z, P8 WS, U Z B 0 22
% Z/mZ BB F 272D ODEIIWE- 605 75 2RI TH 5,

THEOREM 4.1. —fRIZ Z/mZ x Zy-cover DETENAERIT A, (1) DXBIATTH %, £/, &
5 m; € LIWHFIEL, mim TH 2 mIZH L X = deg(A,i(t)) D3R Y 32D,

N, i)™ TR A, (8) DRBDBINDG L) DBPFEHITRERTHS, N=1,p=1¢7
T A, (t) = Ak (t) 25 BLHY Alexander ZIHATH 5.

Proof. A(t) :=2A,,(t) LiEL. pitfik Q, DRBEAC DI EMILZILY C, £ FHL. Q OREFAEQ
2D CELVC, ~DHDIAAZIEET 5. ap ZH5 B WEFELp TN L, A(t) 1 monic &7 D,
Z ORUZAT p MR 2], = 1 ISR, I o), =1%2% acQIIHL, Ja—¢|, <1
R T L 10 p BREMC € QIME—DEIET 2. Z[E] — Zy[[t%]] S Z,[[T)] ick 24 77
IV (A®R) CZ[EE]) DB, ja—1|, <1 %2 a O2EEBINT 2. Z#EOIEZEWM%Z Z/mZ #:78
D B Z 7 b DD Alexander ZIHAUC Nrpyg ZHi L 7 b DI [[emoy A(CH) £7%% 5. BLEDHRHE
ZHE IR E 1S 5. O

Z 2 THO T pEBDEARN 2 ME 1 [Uek20a] ICBEBEL 7. 2 DJ5i%132 U 1 Alexander %IH
A DHEIA BRI Z 51~ 2 B2 [Uek20b] THW b DTH 5,

EXAMPLES 4.2. figure-eight knot K =41 D Z/mZ x L, #8 e 52 5. i=1¢L7 5,
m=1DtE, Axlt)=t>-3t+1, Ak(1+T)=T?—-T —1 =1 in Z,[[T]] for any p.
m=20,E, [Jeo Ax(Ct) = =3t+ 1) +3t+1) = (T> =T - 1)(T* + 5T +5) =

T2+ 5T +5 in Zy[[T]]. s =2, \p =0 (p # 5).
m=4DEE, [Ju_ Ax(Ct) = (=3t +1)(#* +3t+ )t + 72 + 1) = (T° =T — 1)(T* +

5T + 5)(T* + 4T3 + 1372 + 18T 4+ 9) = T%2 + 5T + 5 in Z,[[T]]. As =2, A\, =0 (p # 5).

7 7 A N—FEOH DAY Alexander ZIHIZ DWW T, monic TH D, F7RENIFEHD 2
fFIC—BT 5 2 LMW SNTVS, koTRE2ES,

THEOREM 4.3. K 237 7 A N—fOHTHIUL, Z/mZ x Z, HE O (RBITIRS v, i=1
D) AENAZEBPEEZRET .

I AERICOWLTIE, KDY IO,
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THEOREM 4.4. Theorem 3.1 DIRVLT, p# = Mp([Tem—y 8,i(Ct)) = Mp(A,i(t))™ DD 32D,
LYoo N5 L, BEOEE p AERZ (f EFEITIE, p=mp/ DBIRY D, KT p=0
& =0IF[AMETH 5,

Proof. Theorem 2.1 (3) D p it height Z H\W 72 WG A & Theorem 3.1 DHL, (M =17%5%%C
XL p=# = Mp(A,i(1) = Mp(A,:(Ct) TH B Z &, BLXOZBHEDIKZEM%Z Z/mZ #H8 I1ZHL
DEEZ 7 b DD Alexander ZIAD [[ oy Ax(Ct) THSH I EITL D, O

%IE f(t) € O[t?] 23 monic TH % & 1%, WMEXFEN O DHELTHZ I L2 \VH, (HE.
OHEBED SLy RBLUCAIPET % Reidemeister torsion [ ZHESG #0310 E 27280, mE RGN
1 TH5Z L% monic DEFRETHMEDH 5.) LIHAD monic PEIZOWTRIKD 2D,

THEOREM 4.5. A, ;(t) € O[t?] 3 monic TH B HE I F, m & p ZERIE, p e ALbilko
TIRESINS,

Proof. A, ;(t) @ monic & A, ;(t) ® monic HEIZFAETH 2. LKA, (t) DIREDRRKAKIEL
(3 Zy BED iy 72 BIZD0T g =T, p'» TH D, A,i(t) /g DIRERFHEEF R p BEIL I L &,
ERtemzE>TH Z/mZ x L, WED N\, BEHEADORXE 2 5270\ 2 EDAETSH 5. O

5. A-invariants, fiberedness and genus

Friedl-Vidussi Df§HRIC KU, ARIHMEDORIUAIBE S 212 U 21 Alexander I 72 & DREC
XoTHEPHD 7 7 4 N—1EEB X 0% (Thurston norm) 2SRE SN2 [FV11, FV15]. HREE
I¥ Cayley DEMD & SFFREICHIDIAT Z LI TE, K> TSLy(C) ICHDIAD 2 DT, Y]
RIC Xk > THRA DRIUTIFETZ 5. HIFIOKRZHE 2 L TR2/™ 5.

THEOREM 5.1. H2EKBl p: 71 — SLy(0) & Z/mZ x Z, BB T 2 5L R BIC X -5 T,
BOHD 7 74 N—E X OB IE S NS,

BFS O H ofHs v /2 —RBDIZ U 1 Alexander AU K > TIREZI 115 £ 9 DFJ
THROBIED S, SLy REUC X 2 EDREEDNMED 6T % [AD20], FHx DFEHRICO VTS,
FRHOWD I T 2BEORMPBL FIERINTVDE ESZ 5,

7 7 A N—VERREB DO PEIZ L TEAD KB & 2 3HlliAs sharp TH B T EITRILL TV 3,
FAZRIIHS DIHEOCHBORIGIRAZRETH 256, FIGRMMEICET 225 5:
THEOREM 5.2. fiOXHD 7 7 4 N—Epflisiz, &0 HBEOREIAREMLORBREED S &% 2.

ZDREHRIE, Alexander ZIHAD 1 DFM 2 RICFi 72 2 WIGEIE [BF20] ICk > THA 6Nk
(2015 4E1C arXiv 12T preprint 220) . —EDEHED 7 7 4 N—PEDEIG BRI X [JZ20] 12 X -
THZ 507 (2017 4EIZ web 12T preprint 23236) .

6. u-invariants and twist knots
COfiTIE p & SLa(O) RBLET S, FHp LOFEATT7TVpCcOZEZ, F=0/p L7535,

THEOREM 6.1. p = pmod p DSBEIDD As1(t)/Aso(t) # 0 in Ft2] % 61F, pp1 =07Th 3,
pp1 70 TH 2 720I2IE, p S non-acyclic TH 5 Z EWPNETH 5,

Proof. %X A;,(t) = Ayi(t)modp & p~Hr = Mu(A,;(1)™ 12X D, Agi(t) # 0 in F[t2] % 513

tpi =0THS. p=pmodp BPKILSIX A, o(t) =1 &0 ppo =052 ppr = pp1 THH, &

MDIRED S & T piyr = pip1 =0 TH 5,
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LD non-acyclic &1, H 2% i KL Hy(m,p) #0TH 5 Z &%\, non-acyclic KEID I
I3, HESRAE LT acyclic torsion BI% (2, y) = Ay 1(1)/Ap0(1) DERISHIET 2. pp1 #0
THIUFTA,1(1) =0in F72H 5, p 3 non-acyclic TH 3, O

DUT T, twist fi CEHBFOERBUCKPET 2 5% p AL REZHHRS, T twist fEOHDEF &
BOoDOWEHEZE LD D, Kn e ZIINL Ttwist f§VH J(2,2n) IZLTORATER I NS, full
twist lEn > 0D L ZHFIRD, n<0DEEZEFIRD LHHRT 2.

n-full twists

J(2,0) = 01 (unknot), J(2,2) = 31 (trefoil), J(2,4) = 5o, J(2,—2) = 4; (figure-eight knot) TH
%. 1/2-full twist % half twist & T4UL J(2,—2n) & J(2,2n + 1) ZHEMOBIRIC K 2.
J(2,2n) DFREFERE m, := 71(9% — J(2,2n)) 1FRDFEIR % FD [HS04, Proposition 1]:
7 = (a,b] aw™ = w"b), w=[a,b"'] =ab ta"'b.
FREELARAR DGR IC L D, SLy RBLDOILBEIL 2 :=trp(a) & y:=trp(ab) TXFX=F T 61
2. z=z(z,y) :=trp(w) = 22% — 2%y +y?> —2 bV %, £ 2ff Chebyshev ZIHK S, (2) € Z[7]

in nf N -
# Sp(2c080) = o 12 X o TED B, GTRIZ X > TRFETH—D AL T 3 DTIER.)

sin
PROPOSITION 6.2 [Le93, Theorem 3.3.1], [NT16, (1.2), (1.3)], [TTU20, Proposition 3.5]. BE#Y
SLy(C) RIAD IO ML, fu(r,y) = (y — 1)Sn(2) = Sp1(2) DERTHoT 2?2 —y—2#0
B55DDREER—ITHIRT S, £, 22—y —2=0DKFERTIEI IR NIET 5.
CzHRAEFICHDZEZTYH, HNEEHRIRBCHENRRBICOWTHETS 5.
PROPOSITION 6.3 [Tral8, Theorem 1]. F % C £7<13ARAE L T2, = trp(a), y = tr p(ab) Ziifi
7T HERIRBL p - m — SLo(F) ISR L Ap1(8)/Ap0(t) = ao(, y)t2 + ar(z, y)t + ao(, y), ao(x,y) =

St = Sale) 22 o ) = 2(8u(2) — ao(a,). T ao(ey),an(a,9) € Zle,y] TH.

PROPOSITION 6.4 [TTU20, Theorem A, Proposition 3.5]. A,1(1)/A,0(1) = 2a9+ a1 = 02>

fao=0222 —y—24£01F, 2=y l-z=a+a ' ZHLTELIRID3In—1FRa

£+ DHEET AL LFAfETH 5.

RDOMED = 0 THOIHDHE 725,

PROPOSITION 6.5. 5l EfE & J(2,2n) DHED SLy RIZHE Z 5.

(1) & FOBERIREL p 1l L A, (8) = A, (1) /A, (1) #0TH 5,

(2) KT, folz,y) =0, 2?—y—2=0DKHDOMHKIEF (+/4- 1 2-)Th2on35,

Proof. (1) ag, a1, fo PIWAFERZEZEZ S, 200+a1 =022 f,=0DbET, ag=0DDa; =0

THD%DDEMIE 285,(2) = 0 TH S, Proposition 6.4 DL IHIIC1 -z =a+a ! EEBITIL,
3n _ . —3n

Sn(z) = - 3 a_3 Do =153 aldl DF6FME LS. ZiLid Proposition 6.4 D
ad —

ag+a1 =002 f,=00222 —y—2#0) THILDODOEMES =102 a#+1 LW

L, KXo THEHERRIAEET, A, #A0TH 5.

(2) z=2=(y=2)(2*~y-2) =0& D 2 =2, fulz,y) = (y=1)Sn(2)=Sp-1(2) = (y—1)n—(n—1) =

yn—2n+1=0, koTy=2-1 x:i\/y+2::i:1/4—%kf£6, O

n’
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twist f5 N H J(2,2n) DEBUKH T 254 D = 0 EHITLL T D@D
THEOREM 6.6. SLo(O) Bl p I22WT, pmodp 72 51 ppr = pp1 =0 TH 5.

Proof. Section 2 TH.7- X 912, [FKK12, Proposition A], [Tan18, Corollary 3] IZ & >T, FIREE
7 FRBL p IZDWT A, o(t) = 1in Op[t4] TH %. Proposition 6.5 (1) 12 &k b, BERIZEBL picxiL
As1 #0TH 575, Theorem 6.112K D, plZXL ppr =pp1 =0TDH 5, O

R 2 BRI RBUCIZEA DBIRB L o N, Z0HEIEKESNRTH 5.,

THEOREM 6.7. p|(3n — 1) D L &, m(£1,-1) e F2 i f, =0 LOAHIERBIWIGT 2. h
SDRDOY 7 MTHIEL T, pmodp 23A[FID2>D p @ C B TH 2 X 9 7 SLo(0) K p DA
HOMERMEEET 2. SOXI % pllD0Th = fpo = pp1 = 0 DI H 7D,

Proof. Proposition 6.5 & & O' [TTU20, Proposition 1.5] 2°5, (z,y) = (£1,-1) D& &, z(x,y) =
2, Splz) =n £0 fa(z,y) = =3n+ 1. ESS Tp(x,y)@a(l) = Tn(z,y) = ao +2a1 = (2 — x)n2 +an
E0 m(1,-1) =n?4+n, m(-1,-1) = -3n*+ninF, I6IC2-y-2=0ThH%. ko
Tpl(B3n—1) Db ET, K (—1,-1) € F2 IZIFHHIAHD non-acyclic 7 SLy(F,) &3l p 23XHET
B, kfp=250n BHRO L R (1,-1) € IOV THETSH S, Chkhpn) 7 i
u>07%20loW% 52 %, —J7, Proof of Proposition 6.5 (1) 12X D ag = a1 = 0 % 551
28p(2) = £n =077, Zidp|3n—1)ITKT 2. Ko TA;1(t)/As0(t) # 0 in F[tZ] TH %,
p LOFEATT7NpCcOIKL, F=0/p BT8R (£1,-1) TH 5 &I %ri(n) € O?
Z, M(£L,-1)DO?> DV 7 FEWwH, ZDXIH%RY 7 MO ZHEYNCHD B ZUIEEICH
5. BIZIE, BkeZIINLyp=pk—1LEE, fu(z,n) DRz =¢DREZRNIREF OHT
IAUX R\, Proposition 6.2 8 X 6.5 (2) £, HE42200H%ZRE, MET 2 pld pe C238E
RIRBLITH D, A,1(t) #0TH S, BEITIHET T2 RKILKRE X VEBLO A2 AL o = pmod p
B 2805, Ayi(t)modp = Agi(t) TH DB, Asi(t)/As0(t) #0 & D, pp,=0%21F%. %
ZEBRTHED 6 1 DR 3 TR IS L (A,0(t) = (t—(3,5) = 1in Fp[tZ] W Z pp0 =0, & -
Tpup1 =025, O

REMARK 6.8. & (—1,—1) € F2 X f, DR CTH 5. FEBE, [TTU20, Subsec. 1.6, 3.2] DFHEH

afn O 6) - 2(n&* —2n€ — 1) 8fn On e 6) = 2((2n —1)€ + (—4n +2)E +1)
(€+1)§(€—2)(¢E-3) €+ 1EE-2)(€-3)
at € # —1,0,2,3 BXUOuEY LOEHICLD, a@(1fn 8h(17n_omwf%5.

F o TLEDFEMIZEB T ¢ 2 5B Hensel ORI IZEA TE 2200,

REMARK 6.9. Friedl-Vidussi Ot [FV13] 12 XU, EEOFECHICH LAREICiEZ FF>2RE
pTHO>TA,()=0L,%2bDNBHET S, Lo L, #EREBEKZ SLy(F) XBlp TH>T Az =0
ERBZLDODFET I EI L, 826 FEASNTLARY,

2 U 41 Alexander ZIHR 2 18R RRE L OB% L Haus, LI DRI AL ARK iRy
BErs, B2 twist FEOHTHIUL p # 0 &% 2RBUL, fo.(z,y), ao(z,y), ar(z,y) L9 3
DD 2 L IHABIED mod p TOHME UKL L T A MEDH - 72, FAEOEHT, K
HEEDIZEA ORISR L CTpu =02 TE 2 ) 72208, i L BIRET, #EOHIZOW
Tp #0722 52RHEOFEEFMICIEAHTH 5.

Proposition 6.3 T, %1 D 2 f&HE T HISHN S 2 AV K528 [Tral8, Theorem 1] %, twist
FEOHICER- 7ol L 7, L C LoTRE2S, Z REcHEn»’TE, AREETHHD
SO, BIRBER 72 SLoy KDY 1 #£ 0 TH 2 72 DITIFRIREHD non—acyclic THDH I EPBER
ﬁ,mmmwm%ﬁ%%%%mﬁOT%ﬁni9&wtmmﬁvawf [Bén20, TTU20] I
E, O OBEICHNT AL Tran I X > THED STV 3
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7. Further problems
t2 U4 Alexander ZIHAUCBIT 2864 2 PREPRIEDS, 120 NVEHRAZLROMEICHAZ Z 615,

CONJECTURE 7.1. 2 ODFEWH J, K OIS EFHERITRL o : ) — 7 23D 572 5 1%, MO
KANBIHE g(J) = g(K) 3% %

FEOEHBE SAHEREIC BT 21283 RILB B (cf. [KSWO05, ORS08]) . AMHERE 7, 5 e 5
SL2(0) BHIUL AJpou(t) | Ak p(t) L ZDT, BERAALRICOVT N A\, E5B 2, g(K) %
WETZpTHo>CpopDg(J) ZRET LX) R ODOVHET 20008 E %%, [FV11, FV15)
Dk e A DB P S HAAL I ET, ZOFHII7? 70 —FTELDTIE LD,

CONJECTURE 7.2 [DFJ12]. WHifEO'H K o+ v / & —KBUABET 2 & U 41 Alexander % H 2
T DXRELd EFECH DS g(K) 122w Td = 4g(K) — 2 DY 320,

—fRicARr ) I —KRBDABEALRBED L) LEREF>TWV2D7 %9 H (cf. Example
3.2) . NWRBLL OARDOEIRIC X > TRMAERE 23 5 415 2% [God17, BDHP19], Kionke-Loeh
D p EFEAERE [KL20] & AHEALRDFEA TERDL D TR\,

QUESTION 7.3 (Yi Liu). Weeks k{7 £ D arithmetic KD E I, cocompact T \W#RBL
ICH AN RZIIRTE 2D TE RV,
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fE: FFEED HUHOHEIL HBEEDEER

2 2
SEHO Tl b 5 2 Besy LU L0r
dz?’ dax?

ai( Y _ —Bn—1)*(a+ Do —2)(a— 3)
dg2 W T Yr)la=a = (na? —2na —1)3
EWVIELWIBIZARD, 1D 3n— 1 FRPLRTEG & ORGBERIRR S5 [TTU20).
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