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Today's talk

Definitions of knitting and its pattern

Equivalence of them

o4
(]

Mathematical model of knitting

b

patterns obtained from model 1

(\X- e Classification of how green string is

entangled in mathematical model
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Knitting

R = (v, vy) : basis of R?
"u=(p.q) € 2% "z € R?, O (u, x) = pu(x) = & + pv1 + qU2
= ®R : Z%-action.

Definition (Knitting [Kawauchi])

K : quadrivalent graph which are embedded in R? and has height
information at each of the vertices(crossing points).

K C R? : knitting <% K is preserved by Z2-action ®®

(i.e., IR = (vq,vs): basis of R s.t. Yu € Z2, p,(K) = K and ¢,
preserves height information at each of the crossing points).
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Equivalence of knitting

Definition

R, R’ : basis of R?, ®R &R’ : Z>2-actions
Diffeomorphism g : (&%, @R/)—equivalent
(d:ef) R2 RQ

%L O l%

R? — R?
g

Definition (Equivalence of knittings)
K, K': knitting
K and K’ are equivalent (K ~ K')
&L 35 (CDR ®R')-equivalent diffeo.
s.t. §(K) ~» K’ : Z2-equivalent Reidemeister moves.
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Example

R = (v1,v2) : basis of R? R’ = (v}, v}) : basis of R?
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Knitting pattern

V2 ]
I’Ul
N
\< \g \g Knitting pattern

Knitting
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Knitting pattern

Definition (Knitting pattern)

QQ C R? : closed set, int@ : connected, (intQ) = Q
@ : fundamental region of K

def . o -
<5 The following conditions are satisfied.

o U Spu(Q) = R?

u=(p,q)€2?
@ ¢, (intQ) Ny (intQ) = 0 (u # )
We assume Q = I x I.
Then we call the tangle diagram K = K N (@ a knitting pattern.
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Link diagram on 7?2

We can obtain a link diagram on 72 from a knitting pattern.

Identify
the opposite sides

— —

)

Kr
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Link diagram on 7?2

T=T>x1I
pr:f—>T2><{0}

Link in T Link diagram on T2
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Equivalence of knitting pattern

Definition (TR-equivalent)

K7, K’ : link diagrams on T obtained from knitting patterns K, K'.
Kr and K7 are TR-equivalent (K1 ~rr K)
PN 3¢ : orientation preserving diffeomorphism

s.t. g(K7) ~ K} : Reidemeister moves on T%.

| A\

Definition
Knitting patterns K and K’ are equivalent (K ~ K').

A\
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Primitive knitting pattern

Definition

K : knitting, () : fundamental region of K
K : knitting pattern obtained from K
K : primitive % The area of (2 is minimum among all of knitting

patterns of K.

oo e

.. s — primitive knitting pattern
-~ H ~—

non-primitive knitting pattern
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I?, K’ knittings
K, K’ : primitive knitting patterns obtained from K and K.
Then, K ~ K' & K ~ K’

OO
j\%\%\ ¢ Wk Piliitivg \Q\
OO0~
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From now, we consider model 1.

/ \
y\ B Properties of model 1

e Consisting of three components and
—— \/\ these are essential simple loops on

<> r

@ A red string passes over a blue

l string.

o A green string passes through the

complement areas of other strings

once.
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Step 1 Consider the “slope” for an essential simple component

of knitting pattern (Loops in model 1 have slope %, —%

and o).
Step 2 Classify link projections on T2 by “word".

Step 3 We get link diagrams on 7% from link projections
obtained in step 2.

In the end, we give the classification of the case n = 2. (Theorem 3)
/

L

—’ \ |

/\/\

rrbb ( \

TTbb
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Slope for a component of a knitting pattern

We consider knitting K consisting only of components which are

homeomorphic to R and these components induce essential simple
loops on T72.

Definition (Slope for a knitting pattern)

[ : essential simple loop on 7"
[ has slope £ (p € Z>o, q € Z, gcd(p,q) = 1)
Then, a component [ in knitting pattern has slope 2% (I =1lgp).

L

l Knitting pattern
1/2 consisting of [y /2,112

aul
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Mathematical model

Properties of model 1

e Consisting of essential

simple loops /;/2, [_1/2 and

o, on T?. .
@ [ passes through the .
complement areas of .

ll/g U l_l/g once.

G : graph on T? dual to

ll/n ) l—l/n-
lq/p : essential simple loop on G.
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neN, p € Zsy, q€Z,ged(p,q)=1
We consider knitting pattern with three components [, ,, [_;/, and
ly/p on G.

P1,D2,q1, G2 € Z, ged(py, q1)=ged(p2, ¢2)=1

A(q1/p1, g2/ p2)=|p2q1 — P1¢2]

denotes the minimum crossing number

between [ and [

q1/p1 q2/p2-

Observation

C(ll/m lq/p) = A(l/na Q/p)
(resp. C(l—l/nvlq/p) = A(—1/n,q/p))

|
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Link projection on T

Label the crossing point between /,/, and [,/, as r, and [_;,, as b.
Then, we get a “word” generated by {r, b}.

initial point
' N

rrrbbb rrbbbr
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Link projection on T

Proposition

lijn, l_1/n : essential s.c.c. on T with slope +, —+
ly)p © essential s.c.c. onT? on G

#r = C(ll/m lq/p)r #b = C(l—l/m lq/p)

Then,
o l=0=c=#r+#b=1+1=2
° %%0:0=#r+#b:2n

c=1+1=2 c=3+3=6
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Link projection on T

From now, we consider the case % ;é 0, and

we can assume |q| = 1.

We/p © A word induced from lq/p
S = s € wq/p}: #b=#{be wq/p}

Proposition

|

lijn, l_1/n : essential s.c.c. on T? with slope +, —+

lyp © essential s.c.c. on T? on G
#r = c(liyn, losp), #b = c(lo1jn, lgsp)

Yt €{0,1,...,2n}, (F#r,#b) = (t,2n —t) @% L

2020.12.24 #EOHOME NI 23/43
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Link projection on T

In this slide, we consider link projections on 1

Definition (Equivalence of word)

Two words with length 2n generated by {r, b} are equivalent

def - .
<= Two words are same up to circular permutation.

Definition (Equivalence of link projection on 7?)

Two link projections are equivalent

def : : : . . :

<5 Jorientation preserving diffeomorphism of 72 taking one
projection to the other.
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Link projection on T

Proposition
W = XLy - Top (z; € {r,b}) : word
w' = xzy - - ah, (v € {r,b}) : word

Kr, KI. : link projections on T? induced by w and w'.
Then,

w and w' are equivalent < Ky and K. are equivalent

rbbb bbbr
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Link diagram on 7?2

We consider link diagrams on 72 with three components Lijns Loiyn

and [,/,, and [/, > l_l/n(i.e. [1, passes over [_y,, at all of the
crossing points.) holds.

Label the crossing points between [/, and [,/,U [_1, in the link
diagram on T? either 7, r, b, or b.

ARARAPA
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Split link diagram

Definition

D : link diagram on T2 with n components Iy, ls, ... ,l, (n € N)

Li > 1 (resp. I; <) (¢,5 € {1,2,...,n},i#j)

&L |, passes over (resp. under) I, at all of the crossing points of /;
and l; or [;N1; =0 in D.

D : split

&Lk ef1,2,...,n}st. "me{l,... . k—1,k+1,...,n}

lkzlm
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Example
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Non split link diagram on 7%

Proposition
W= T1Ty - -+ Ty (v; € {T,7,b,b}) : word
K : link diagram on T? induced by w with e 2 Ui

x; € {F, T, [_)}

N
S8
93

e

rrbb
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Rlll-equivalent

Definition (RIll-equivalent)
K7, K7 : link diagrams on T2 obtained from knitting patterns K, K'.
Kr and K. are Rlll-equivalent
JEN 3¢ : orientation preserving diffeomorphism
s.t. g(K7) ~ K} : Reidemeister moves Ill on T2
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Reidemeister move I

q/p

\ / N \
\ /
7b wRII br
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Link diagram on 7?2

Definition (Equivalence of word)

Two words with length 2n generated by {F,r,b,b} are equivalent
def, . .

<= Two words are same words up to circular permutation after
finite sequence of wRillls.

Theorem 2

| \

W = T1Ty - -+ T, (v; € {T,7,b,b}) : word
w' = ah - xh, (v € {F,r,b,b}) : word
Kr, K% : link diagrams on 7% induced by w and w’ with [y, > 1_y,

w and w' are equivalent < K7 and K/ are Rlll-equivalent
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neN, te{0,1,...,2n}
How to get knitting pattern consisting of /1, {_1/, and [1/(,—).
@ Consider words generated by {r, b} with (#r, #b) = (t,2n —t)
up to cyclic permutation.

@ Give hight information to words and exclude word consisting of
{r,b,b} or {7,r,b}.(Exclude split knitting patterns)

© Consider words up to cyclic permutation after finite sequences of
wRlIlls.
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Theorem 3(Classification of the case n = 2)

p € {0,1,2}, |q| =1, ged(p, q)=1
l1/2, 1-1/2, ly), : essential simple loops on T? with slope % —% and %

There are nine non split knitting patterns consisting of /5, [_;/» and
[

q/p-
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e The relation between equivalence of words and equivalence of
link diagrams on 77 up to Reidemeister moves I, Il and III.

o Knitting patterns consisting of [, /,, [_p/m and Iyp.

e Considering model 2.

/\\ //\\c/\/\k

PN (P
el B

AU
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