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Virtual links and virtual quandle colorings

Virtual link diagrams

Definition (Kauffman, 1999)

Virtual link diagram < EERNIOHAZFTN W OhOEZ[AIFS5NZHETHY, D%
ERIEAREOREIICRD S 2ERDH T, £ I classical crossing E7=1&
virtual crossing DIFERHDGZ LN TWVWEEHD.

OO > /@3 /

Figure: Virtual link diagram.
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Virtual links and virtual quandle colorings

Virtual links
Definition (Kauffman, 1999)

D, D’ : virtual link diagrams.

D~ D & BRE® generalized Reidemeister moves THYED.
¥ ICHREID oriented generalized Reidemeister moves TH Y& .
virtual link < virtual link diagram D[E{E%E.

d\*@” >\% ~

R1

wwm%%A%

VR1

7‘

Figure: A generating set of generalized Reidemeister moves.
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Virtual links and virtual quandle colorings

Quandles

RDIFMEF/ITEE X & 2THRE « DI (X %) & quandle &V .
@ "'rcX, zxx =1

® "z, ycX, FzeXst zxy =z

© "r,y,2€X, (xxy)*xz=(z*2)*(y*2).
Lif% quandle (X, %) & X &¢EZ, ARAEDET S,

Example

X 2FREE Z, =7Z/nZ, BE *x & xxy =2y —x &TNIE quandle IZ72 3,
Z @ quandle ZHIE n D dihedral quandle &Y, R, &<
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Virtual links and virtual quandle colorings

Quandle automorphisms and endomorphisms

X : quandle
End(X):={ f: X - X | fI& X D endomorphism }.
Aut(X):={ f: X - X | fI& X ® automorphism }.

neN, "f: R, — R, ; endomorphism , 3a,b € Z, s.t. f(z) = ax +b.
¥IC f B automorphism DEFIE (a,n) = 1.
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Virtual quandles

X :quandle, f € Aut(X). 2D&E M (X, f) & virtual quandle E\W .
FREE LT (X, f) & quandle TIEARWAY, Manturov IZfE> TZ D & 5 IR,
Definition (Ceniceros-Nelson, 2009)

(X, f), (X, g) : virtual quandles.
(X, )~ (X,9) e pc Aut(X)st. f=¢ Logoo.

X 2. x

f O g

X——X
¢
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Virtual links and virtual quandle colorings

Example of virtual quandles

Rs : 1% 3 @ dihedral quandle ,

frg€Aut(Rs3), f(z)=x+1, gla)=x+2.
ZD&EE (Rs, f) ~(Rs,g) TH5.

ER, p(x) =22 & T B & f=¢logop&#hd.

Aut(R3) = S3 : symmetric group Td 5.

ZDEE S3 OEBFEI (1),(12),(123) DT, Ry £ virtual quandle DFEMEZE I 3 FE3E
H5.
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Virtual links and virtual quandle colorings

Virtual quandle colorings

D : virtual link diagram.

D D virtual arc < D @ arc % virtual crossing TESICHEILAEHD.
VA(D) :={ D ® virtual arc } .

(X, f) : virtual quandle, D : virtual link diagram.
c: VAD) = X B (X, f)-coloring < D DERXRCUTOEDOFEG%Hm-Y.
Col(x,5)(D) :={ D ® (X, f)-coloring }.
FIC f DMEFEBHROD & ZIE Colx (D) &K
y X y

X XY \><
-1
f

(y) f(x)
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Virtual links and virtual quandle colorings

Example of virtual quandle colorings

D : virtual Hopf link diagram, (Rs, f) : virtual quandle, f(x) = 2z.
Z M & & virtual quandle coloring (dXRMD 3@Y TH 5.

2 0

Figure: Virtual Hopf link diagram @ virtual quandle coloring.
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Virtual links and virtual quandle colorings

Property of virtual quandle colorings (1)

Proposition (Manturov, 2002)

(X, f) : virtual quandle.
D~D = |CO|(X7f)(D)’ = |CO|(X7f)(D,)’.
D&Y |Colx,p)(D)| & virtual link DAEETH 3.

Proposition (U.)

D : virtual link diagram.
(X, f) ~ (X, g) = |Col(x ) (D)| = |Col(x,4)(D)] -
DFEY [Coliy ) (D)] & virtual quandle DEMERDFEETH 3.
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Virtual links and virtual quandle colorings

Property of virtual quandle colorings (2)
Theorem (Ceniceros-Nelson, 2009)

D : virtual link diagram.

(X, f), (X, g) : virtual quandles s.t. |Col(x s)(D)| # |Col(x g (D)]
= D' ~ D, D' |& virtual crossing &%

Example

D : virtual trefoil diagram, (Rs, f1), (R3, f2) : virtual quandles, fi(z) =2z +1, fo(z) =2 + 1.
|Col(ry, 1) (D) = 3, |Col(ry, 1,y (D) = 072D T, VD' ~ D, D' |& virtual crossing & &%

Figure: Virtual trefoil diagram.
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Definition of virtual quandle coloring quivers

Quandle coloring quivers

Definiton (Cho-Nelson, 2018)

D : classical link diagram , X : quandle.
S C End(X),
Q% (D) : quandle coloring quiver
& Q3(D) = (V,E) : an oriented graph.
Q V = Colx(D).
®@E={(vw,g) eVxVxS|lw=gouv}.
ZITUERE FICEBIRDZER, B2MAERRELTAESZANS.

Theorem (Cho-Nelson, 2018)

D~D' ="ScCEndX), Q%(D)=Q3 (D).
DFY Q3 (D) I classical link DREETH 3.
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Definition of virtual quandle coloring quivers

Virtual quandle coloring quivers

Definiton (U.)

D : virtual link diagram , (X, f) : virtual quandle.
5iC Com ()= g1 B COI| flolg=gioy
VQ(Xf (D) : virtual quandle coloring quiver
~ VQ(Xf (D) = (V, E) : an oriented graph.
(1] V = Col(ny)(D).
®@LE={(v,u,g)eVxVxS|w=gouv}.
CITHEB EICREIRDZHER, F2HD2RRELTAZZANS.
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Definition of virtual quandle coloring quivers

Example of virtual quandle coloring quivers (1)

D : virtual Hopf link diagram,
(Rs, f) : virtual quandle, f(z) =2z, g(x) =0, S = {g} C Com¢(R3)

C@%

’
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Main results

Main results

Main theorem (1) (U)

2FY VQ Xf)( ) Li V|rtual link ODT 'Ci)%)

VQ(Xf (D) 1& |Colx 7)(D)| &WEICHR virtual link DREETH 5.
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Main results

Example of virtual quandle coloring quivers (2)
(Ryg, f) : virtual quandle, f( ) =2z, g(x) = 3z, S = {g} C Comy(Ry),
|Col(ry, 1) (D) = |Col(ry, 1) (D) = 9.

D2FY DD [l
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Main results

Example of virtual quandle coloring quivers (2')
(Ry, f) : virtual quandle, f( ) =2z, ¢'(x) =0, 5 = {¢'} C Comy(Ry),
|Col(ry, 1) (D) = |Col(ry, 1) (D) = 9.

VQ(Rgf VQ(Rgf (D)
D2FY S OEVAICE>T D =D b‘ﬁj\ﬁ‘bﬁ\:‘i EtHH 5.
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Main results

Main results
Theorem (Tanigichi, 2020)

p : odd prime, D, D’ : classical link diagrams.
’C3|RP(D)‘ = ‘COIRp‘gD/)‘ g
~ /
~ VS'C End(R,), Q% (D) = Q5, (D).

Main theorem (2) (U.)

p: odd prime, D, D’ : virtual link diagrams, f € Aut(R,).
|Col(r,,f)(D)| = |Col(g,, ) (D)
= 7S C Comy(Ry), VQip, (D) ZVQP (D).

S ~ S /
VQ(g,,r)(D) = Vg, n(D)
= |Col(g,,5)(D)| = [Col(r,, ) (D")]
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Main results

Main results

Main theorem

—~~
(O8]
~—
—
c
N

D : virtual link diagram,

(X, f)~(X,g9), 2FY Fpc Aut(X) st. f=¢ logoo.
ZDEE dy: Comy(X) — Comy(X); hsr pho ™t &TBE,
VS C Comy(X), VQPy ;) (D) = VQ% ®) (D).

BIC o, k288 0T, Vo Y (D) = v (D).

%Y VQC;% (D) & virtual quandle DFRMEFEDAEETH 5.

Remark

VQ(C_;;‘;J‘ (D) V& [Col(x ) (D)| & WEIZH&L virtual quandle DRIEEDFEETH .
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Main results

Example of virtual quandle coloring quivers (3)
D : virtual trefoil diagram.

(R4, f1), (R4, f2) : virutual quandles, fi(z) = 3z + 2, fa(x) = = + 2,
’COI(R4J1)(D)‘ = ‘COI(R4,f2)(D)| =4.

D

Comy, (R4)
VQ(R4,f22) (D)

DEY (Ry, f1) = (Ra, f2)
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Main results

Thank you for your attention.
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