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Quandle

Definition (Joyce, Matveev, 1982)

X: aset, *: X x X — X: a binary operation.
X = (X, *): a quandle
< x satisfies the following three conditions:
Q@ Ve X, z*xr=u.
@ I+ ': X x X — X: the binary operation s.t.
Vr,ye X, (zxy)+ ty=n2x.
Q Vr,y,z€ X, (zxy)xz=(x*x2)x*(yx*2).

ex.

(1) M: a left Z[t*')-module, v xy =tz + (1 — t)y (z,y € M).
Then, M = (M, x*): an Alexander quandle.

(2) G: a group, z xy :=y lzy(z,y € G)

Then, Conj(G) = (G, *): the conjugation quandle of G.
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Fundamental quandle

L: an oriented link in R3. p € R3\intN(L).

Q(L,p) :=

{(D,a) | D : a meridian disk of L, « : a path from 0D to p}/homotopy
(D1, )], (D2, B)] € Q(L, p)

(D1, 0)] % [(D2, B)] := [(D1, 00 B~ - 0Dz - B)].

Q(L) := (Q(L,p), *): the fundamental quandle of L.

(D1, )]

(D2, B)] [(Dy,a-B7-8D,- B)]
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Quandle homomorphism to Alexander quandle

Notation X, Y: quandles.
Hom(X,Y) :={f: X — Y : a quandle homomorphism}

D: an oriented diagram of a knot K,
G(K):=m(RN\K) = (x1,...,24 | r1,...,7n) (Wirtinger presentation)
Fox deriyative p: the Alexander matrix
A% (t) = ged({all (n — i)-th minors of Ap}): the i-th Alexander
polynomial.

o AY(t) =0 and A%(t) # 0 (i > 0).

o A’ (t) is divisible by A% (t) (i > 0).

For each i > 0, ¢;(t) := ﬁ'}*{l(zz)'
K

Theorem (Inoue, 2001)

p: a prime number, J: an ideal of Z,[t*!].
[Hom(Q(K), Zy[t=']/ )| = |Z[t*1)/T © {®75 (Zp[tF]/ (es(t), 1))}
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Alexander pair

X: a quandle, R: a ring with the identity element 1.
fi,f2: X x X — R: maps

Definition (Ishii-Oshiro cf. Andruskiewitsch-Grafia, 2003 )

f = (f1, f2): an Alexander pair
& f satisfies the following three conditions.
QO Ve X, filx,z)+ folz,x) = 1.
Q Vz,y e X, fi(x,y) € R*.
Q Vz,y,z€ X,
filz*xy,2) fi(z,y) = filz * 2,y * 2) f1(=, 2),
filz xy,2) fa(z,y) = falz * 2,y * 2) f1(y, 2),
fao(z *y,2) = fi(@ * 2,y * 2) fa(@, 2) + fa(@ * 2,y * 2) f2(y, 2).
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€X.

(1) X: a quandle, f1, fo: X x X — Z[t*!] defined by
fl(l‘ay) = t7f2($7y) =1-t (fﬁ,y € X)
Then, f = (f1, f2): an Alexander pair.
(2) G: a group, X = Conj(G), f1, fo: X x X — Z[G][tT"] defined by
filz,y) =y~ fole,y) =y e —y M (2, € X)
Then, f = (f1, f2): an Alexander pair.

Proposition (Andruskiewitsch-Grafia, 2003)

X: a quandle, R: a ring, M: a left R-module.
f = (f1, f2): an Alexander pair of maps f1, fo: X X X — R.
= V = (X x M,<): a quandle by
(2,0) < (3,8) = (2 %9, fi(z g)a + Fa(m, 1)) ((,a), (4,b) € X x M),
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f-derivative

S ={x1,...,zp}: aset, FQ(S): the free quandle on §.
X =(x1,...2n | T1,...,7m): a finitely presented quandle, R: a ring.
f = (f1, f2): an Alexander pair of maps f1, fo: X x X — R.

Definition (Ishii-Oshiro)

1<j7<n
a%% : FQ(S) — R: the f-derivative w.r.t x;

(@ xy) = filz,y) 55 @) + fole,y) 75 ©).
y) = Al yy) gk (@)

—fi@ g y) oo+ y,y) 55 ()
- (2:) = 65 (1< i <n).

Y. Taniguchi (Osaka City U) f-twisted Alexander matrix




f-twisted Alexander matrix

Remark.

Q, X: quandles, R: a ring.

f = (f1, f2): an Alexander pair of maps f1, fo: X x X — R.
p: @ — X: a quandle homomorphism.

Then, fop=(fio(pxp),fao(pxp)): an Alexander pair.

Definition (Ishii-Oshiro)

Q= (r1,...xn | 7T1,...,7m): a finitely presented quandle.

X: a quandle, R: a ring.

f = (f1, f2): an Alexander pair of maps fi, fo: X x X — R,
p:Q — X: a quandle homomorphism.

Foern) o Fee)
A(Qapv flan) =
Ao 9o

: the f-twisted Alexander matix
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f-twisted Alexander matrix

Eq(A(Q, p; f1, f2)) = ({all (n — d)-th minors of A(Q, p; f1, f2)})
. the d-th elementary ideal of A(Q, p; f1, f2) if R: a commutative ring.

Aq(A(Q, p; f1, f2)) = ged({all (n — d)-th minors of A(Q, p; f1, f2)})
. the d-th Alexander invariant of A(Q, p; f1, f2) if R: a GCD domain.

Theorem (Ishii-Oshiro)

Q, Q': finitely presented quandles.

p:Q— X,p : Q) — X: quandle homomorphisms.

If 3 : Q — @Q': a quandle isomorphism s.t. p = p/ o1,
then A(Q: (95 il f2) ~ A(Q/7 pl; Jils f2)

Futhermore, if R: a commutative ring,

Ed(A(Q7pa fl’ fQ)) = Ed(A(Ql’pl; f17 f2))’
and if R: GCD domain,

Aq(A(Q, p; f1, f2))=Dq(A(Q', 0; f1, f2))-
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Relation between quandle homomorphisms and f-twisted
Alexander matrices

Proposition

M: aleft R-module, V = (X x M,<).
{u € M" | AQ.p; 1, fo)u = 0} €% {p € Hom(Q,V) | p = pry 00}

(Outline of proof)
u1
u = : € M™ such that A(Q, p; f1, f2)u = 0.
Un,
¢:S={x1,...,zn} — V: the map defined by ¢(z;) = (p(x;), u;).
induge ¢ : FQ(S) — V: the quandle homomorphism which satisfies
n 0 o
p(a) = (p(a), 3212 772 (a)u;) for any a € FQ(S).
Thus, ¢(r1) = @(r2) for any relator r = (r1,72).
S @Q — Vi well-defined.
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Relation between quandle homomorphisms and Alexander

invariants

Suppose that R: PID.

0 (Ad—i-l(A(va’ f17f2)) :O)
ed(A(Q, p; f1, f2)) = { Aa(AQpSL  (otherwise)
Agy1(AQ,p5f1,f2))

Theorem
J: an ideal of R such that |[R/J| < 0o, V = (X x R/J,<).
Then, |{¢ € Hom(Q,V) | p = pr; o o}

=| @5 R/(e:(AQ, p; f1, f2)), J)]

Corollary

| A\

| X| < o0
= [Hom(Q, V)| = ZpeHom (Q,X) | &7 R/(GZ( (Q, p; f1, f2)), J)|-

.
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(Outline of proof) Since R: PID,
A(Qap7 flaf?)

eo(A(Q, p; f1, f2)) 0
~ = A
0 en—1(A(Q, p; f1, f2))

o [Ker(u v AQ.p: fu, fo)uu)| = [Ker(u > A'w)|.
o (R/J)"/Ker(u — A'u) = Im(u — A'u)
= [(R/J)"| = |Ker(u — A'u)| - [Im(u — A'u)|.
o &) R/(ei(A(Q, p; f1, f2)),J) = (R/J)"/(Im(u s A'u))
= [(R/I)" = | €1 RB/(ei(AQ. pi fr, f2)), )] - [Im(w > A').
< Ker(u = A(Q, ps f1, f2)u)| = | €72 R/(ei(A(Q, p3 f1, f2)), )
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Quandle 2-cocycle

Remark. D: a diagram of an oriented link L, X: a quandle.
Hom(Q(L), X) LN {¢: Arc(D) — X : colorings}

Definition (Carter-Jelsovsky-Kamada-Langford-Saito, 2003)

A: an abelian group
0: X x X — A: a quandle 2-cocycle
& 0 satisfies the following conditions:
e Vx e X, 0(x,z) =14.
o Vr,y,z€ X, 0(xxy,2)0(x,y) =0(x * 2,y x 2)0(z, 2).

p: Arc(D) — X: a coloring (< p: Q(L) — X: a quandle hom),

, 0(p(xi), p(z;)) (x: positive)
. a crossing of D. ,p) =
! Eof - lxs) {e<p<mi>,p<xj>>—1 (x: negative)
q)H(D?:O) = HXCDO(X)IO)
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Quandle 2-cocycle and Alexander pair

€T

J
0(p(zi), p(x5))  O(p(xa), pla;)) ™"

fo: X x X — Z[A],0: X x X — Z[A] defined by
fo(z,y) :=0(z,y), 0(x,y) = 0. Then, (fp,0) : an Alexander pair.

D: a diagram of an oriented knot K, X: a quandle.
A: an abelian group, 0 : X x X — A: a quandle 2-cocycle.
p: Q(K)— X: a quandle homomorphism. Then, we have

Eo(A(Q(K), p; f5,0)) = (2g(D, p) — 1) C Z[A].
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(Outline of the proof)
Uq

Xi
x; Ti+1

o ) (@i uz,mm) (it positive)

PT @i i mign) (i negative).
QK) = <:U1,.. T |71y yma), f = (f9,0).
If x; is positive,

fop .\ _ af@ﬁ ) ) _8f0p .
8373‘ (Tz) = 8.%'j (xz*uz) axj ($1+1)

= o) pla)) G2 1) ~ i)

Oto Oo
fp(l) fop

= Py(xi,p) 9z, ) By, (Tit1).
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If x; is negative,

afcw N 8fO/J -1 ,_6f0p )
al,j (ri) = (91‘]- (s %7 uy) &Ej (Tiy1)
0 0
_ N 1 ‘ N—1YFop .\ Dfop
= (pt) " ol plui)) ™ G ) — G i)
0 0
_ ) N—1Yfop, N Yfop,
- e(p(xl-i-l)?p(ul)) 83]"7 (xl) a ; (‘r’H‘l)
_  Orop . _ Orop
- (pe(XZHO) ax] (x’b> 8.’13] (xl-i-l)-
Then, we have
Qy(x1,p) -1
q)O(Xva) -1
AQUE). p; f5,0) = o
_1 (I)G(XTUP)

- Eo(A(Q(K), p; f5,0)) = (det(A(Q(K), p; f5,0))) = (®a(D, p) —1).
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Application

@ We can distinguish these knots by using f-twisted Alexander

K

ex) X ={g71(1234)g € &4 | g€ G4}, 0: X x X — Zy
(cf. [Carter-Saito-Satoh, 2006]).
— f-twisted Alexander matrices are NOT knot group invariants.

@ We can determine the deficiency of Q(K).

If K is a nontrivial knot, then the deficiency of Q(K) is 0.
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Thank you for your attention.
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