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(Q,*) : quandle
RSN T he universal algebra for defining an arc coloring

invariant for oriented knot diagrams.
(/ quandle coloring:

knot £ L *Y
vy
e quandle coloring number
S nd e quandle cocycle invariant
e ctcC.
(Lixea Gy *) : multiple conjugation quandle
\ (Gx : group) (MCQ)
D T he universal algebra for defining an arc coloring
invariant for handlebody-knot diagrams.
MCQ coloring: a b ab
handlebody-knot
xr r*xYy
Yy ab a b
e MCQ coloring number
D e MCQ cocycle invariant

e ctcC. 2



(Twisted) Alexander matrix

Grp | [Alexander '23]
p:Gg =(x|r) - GL(k;Z) : grp. rep.
8

dx;
ZFgrp(x) —5 ZFgp(z) ~— ZG g = Z[tH]
~ (a o pr o%(ri)) . Alexander matrix
J

Qnd | [Ishii—Oshiro '20]
p: Qg = {(x|r) — Q : and. rep.
f := (f1, f2) : Alexander pair of maps f1,f2: Q X Q — R

Oto(pxp)
ox ;

o
Fond(x) v R ~ ( fo(”x”)(rz)> . quandle twisted Alex. mtx.

MCQ] [Ishii—M '20]

p: MCQg = {(x|r) > X : MCQ rep.

f = (f1, f2) : MCQ Alexander pair of maps fi,fo: X x X - R
8
fo(pxp)

ox ;

o
Fyvcaq(x) . >R ~ ( fo(po)(,rz)> . MCQ twisted Alex. mtx.
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(Twisted) Alexander matrix

Grp | [Alexander '23]
p:Gg =(x|r) - GL(k;Z) : grp. rep.
8

ox.:
LFGe () —2r LG () 2 ZG g £2%% M (k; Z[tE1)

2 ((P ® a) o pr oa%j(ri)) . twisted Alexander matrix

Qnd | [Ishii—Oshiro '20]
p: Qg = {(x|r) — Q : and. rep.
f := (f1, f2) : Alexander pair of maps f1,f2: Q X Q — R

Oto(pxp)
ox ;

o
Fond(x) v R ~ ( fo(”x”)(rz)> . quandle twisted Alex. mtx.

MCQ] [Ishii—M '20]

p: MCQg = {(x|r) > X : MCQ rep.

f = (f1, f2) : MCQ Alexander pair of maps fi,fo: X x X - R
8
fo(pxp)

ox ;

o
Fyvcaq(x) . >R ~ < Jo po)(rz)> . MCQ twisted Alex. mtx.
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Def [Joyce, Matveev '82]

(Q, *) : quandle
def
<

Va,b,c € Q,

®eaxa=a

e xa: () — Q;x— x *xa . bijection
@ (axb)xc=(ax*xc)*(bx*xc)

Def [Ishii—Oshiro '20]

Q : quandle, R : ring, f1,f2: Q@ XQ — R
(f1, f2) : Alexander pair
def

e
VM : left R-module,

Q X M : quandle by (a,x) * (b,y) = (a * b, f1(a,b)x + f2(a,b)y)



Def [Ishii '15]

G . group w/ the identity ey (VA € A), X :=|]ycar G2
(X, *) : multiple conjugation quandle (MCQ)

def

Va,b € Gy, Vx,y,z € X,
eaxb=>blab

exxey==x, xx(ab)=(xr*xa)x*xb
o (xxy)xz=(x*2)x*(y*z2)

e (ab) *x = (a *x)(b * x)

Rem
An MCQ itself is a quandle.

Prop
(Q, *) : quandle
Va,y € Q,
kE:=typeQ :=min{n € Z~g| = *"y := (((a::ky)*y)**%) —
n
Then,

Zk X Q = lzeq(Zr x {z}) 1 MCQ with  (a, ) * (b,y) := (a,z ¥ y),
(a,z) - (b,x) := (a+ b,x).
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Def [M "19]
X :=|lyeaGx: MCQ, R:ring, f1,f2: X XX = R
(f1, f2) : MCQ Alexander pair
def
e Va,b € G,
fi(a,b) + f2(a,b) = fl(aaa_lb)'
e Va,b € G),Vx € X,
fi(a,z) = fi1(b, x),
f2(abam) - f2(a9m) + fl(b * maa_l * m)f2(bam)°
o Vx € X,Va,b € G,
fi(z,ex) =1,
fi(z,ab) = fi(x * a,b) fi(x, a),

fo(x,ab) = fi(x * a,b) f2(x, a).
o Vx,y,z € X,

fi(z *y,2z) fi(z,y) = fi(z * 2,y * 2) f1(=x, 2),

fi(z *y, 2z) fo(x,y) = fo(z * 2,y * 2) f1(y, 2),

f2(513 * yaz) — fl(m * Z,Y * Z)fZ(maz) + f2(m * Z,Y * Z)f2(yvz)'
<
VM: left R-module,
X = I_l)\EA(GA X M) : MCQ with

(z,u) * (y,v) := (z *y, fr(z,y)u + f2(z,y)v) ((z,u), (y,v) € X),
(a,u) - (b,v) := (ab,u + f1(a,a 1)v) ((a,u), (b,v) € Gy x M).
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Free MCQ

SA={S\|A€ A} :
e Fumcq(Sa)

set of pairwise disjoint sets
free MCQ on Sy

(the free object in the category of MCQs.)

MCQ presentation

R C Fimcq(Sa) X Fmcq(Sa)
o (SpA | R) := Fumcq(SA)/ ~Rr

e (SpA | R) : a presentation of an MCQ X < (SA | R) =
e Any MCQ has a presentation.
Grp Qnd MCQ
Free object || Fap(S) (S : set) Faond(S) (S : set) Fumcq(Sa) (Sa ={Sx| A € A} : set of sets)
Verp = (S| R) Vand = (S| R) VMCQ =2 (Sy | R)
Presentation || := Fgp(S)/N(R) = FQnd(S)/ ~r = Fmcq(SA)/ ~r

(N (R) < Forp(9))

(R C Fona(S) X Fond(5))

(R C FMCQ<SA) X FMCQ(SA)>
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Def [Ishii—M '20]
Sa = {Sx| A € A} : finite set of pairwise disjoint finite sets
so that | SA = {z1,...,xn}
Fmceq(Sa) = Upenmr G @ free MCQ on Sy
X = (Spa |[{r1,...,rm}) : finitely presented MCQ
pr : Fpmeq(Sa) — X @ canonical projection
f = (f1, f2) : MCQ Alexander pair of maps fi, f2: X X X - R

Or
Bzc

def
<

: Fmcq(SA) — R : f-derivative (twisted derivative)

‘v’w,ay € FMCQ(SA) Va,b € GM’
® ga; (T xy) = f1(pr(w) pr(y))ajf (z) + fa(pr(z), pr(y))af (y)

o 5L (ab) = 5L (a) + fi(pr(a), pr(a) 1) 5L (b)

° (%cj(m,-) = 0;; (Kronecker delta)



Def [Ishii—M '20]
H : handlebody-knot
MCQgg = (®1yee e s @5 e e 3TYyeeesTn|T1y...,7m) @ fund. MCQ of H
p: MCQg — X : MCQ rep.
f = (f1, f2) : MCQ Alexander pair of maps fi,f2: X X X - R
fo(pxp):=(fio(pxXp),fao(p X p)) : MCQ Alexander pair

of maps fio(p X p),foao(pxp): MCQg X MCQyg — R

8f0(P><P)(,r.) _ 8fC>(p><p)(,r/) 3f0(p><p)(r//)

For a relator r = (v/,7"),

o
e A(H,p; f) := ( fo(pxp) (frz)) . f-twisted Alexander matrix of (H, p)
(MCQ twisted Alexander matrix)

o R : GCD domain

(0 (d <n—m)

Ag(H, p; f) := { ged({(n — d)-minors of A(H,p; f)}) (n—m <d < n)
11 (n <d)

. d-th f-twisted Alexander invariant of (H, p)
(MCQ twisted Alexander invariant)
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e relators

xIr

v Ly Ly L
Tu Tw
y Y A
Q v
L w Ly Lo

L7

Te : (X * Ty, Toy)

r+ (inuwva ww)

(19 t) (0’ t)

H

e s Teo t (T5 * 1, T6), Tey : (T1 * x6, T2),
MCQg = < . 13’3 2{; .3; Teg t (T7 * 3, T7), Tey: (T4 * x7,T3),
LI e (3w, T2), Ty ¢ (TeTy, T5)

X :=Zyx (t|t3) : MCQ, p:MCQyg — X : MCQ rep.
fi,f2: X x X — Z[tT1]/#3 — 1) : MCQ Alexander pair by

L ffz((O,iB), (ba y)) = 0,
{QEEZ’ Tl L (e, 00) = —1 - ay,

\fZ((la ZB), (17 y)) =1+ ZB_ly.

_/\
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(memo) fo((1,z),(1,y)) =1+z 1y

Ofq D¢,
IRX0) (a5 % @1, 6)) = (5 % 1) — ~L52%2) ()

— Fi(p(xs), p(21)) L5222 (@5) + fa(p(@s), ple1)) L5E2) (2,)
— f2(p(il35), p(ml)) — f2((17t)9 (17t)) =1+ t_lt = 2

Ffo(pxp)
oxq

I 9 3 T4 s e 7
rey(2 0 0 0 —1 —1 0)
—1

Tes -1 0 0 0 2 0
p_ Tes/ 0O 0 -2 0 0 0 0] (2100
AH, 3 f) = re,] O 0 =1 -1 0 0 0 0200
1 =1 1 0 0 0 0
'\ 0 0 0 -1 -1 1 0
(0 (d < 2)
S Aq(H, p; (f1,f2)) = ¢4 (d=2) . H # trivial handlebody-link
1 (d>2)
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