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The universal algebra for defining an arc coloring
invariant for oriented knot diagrams.
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(Twisted) Alexander matrix

Grp [Alexander ’23]
ρ : GK = 〈x | r〉 → GL(k;Z) : grp. rep.

ZFGrp(x)

∂
∂xj−−→ ZFGrp(x)

pr−→ ZGK
α−→ Z[t±1]

⇝ (
α ◦ pr ◦ ∂

∂xj
(ri)

)
: Alexander matrix

Qnd [Ishii–Oshiro ’20]
ρ : QK = 〈x | r〉 → Q : qnd. rep.
f := (f1, f2) : Alexander pair of maps f1, f2 : Q × Q → R

FQnd(x)

∂f◦(ρ×ρ)
∂xj−−−−−→ R ⇝

(
∂f◦(ρ×ρ)

∂xj
(ri)

)
: quandle twisted Alex. mtx.

MCQ [Ishii–M ’20]
ρ : MCQH = 〈x | r〉 → X : MCQ rep.
f := (f1, f2) : MCQ Alexander pair of maps f1, f2 : X × X → R

FMCQ(x)

∂f◦(ρ×ρ)
∂xj−−−−−→ R ⇝

(
∂f◦(ρ×ρ)

∂xj
(ri)

)
: MCQ twisted Alex. mtx.

3



(Twisted) Alexander matrix

Grp [Alexander ’23]
ρ : GK = 〈x | r〉 → GL(k;Z) : grp. rep.

ZFGrp(x)

∂
∂xj−−→ ZFGrp(x)

pr−→ ZGK
ρ⊗α−−−→ M(k;Z[t±1])

⇝ (
(ρ ⊗ α) ◦ pr ◦ ∂

∂xj
(ri)

)
: twisted Alexander matrix

Qnd [Ishii–Oshiro ’20]
ρ : QK = 〈x | r〉 → Q : qnd. rep.
f := (f1, f2) : Alexander pair of maps f1, f2 : Q × Q → R

FQnd(x)

∂f◦(ρ×ρ)
∂xj−−−−−→ R ⇝

(
∂f◦(ρ×ρ)

∂xj
(ri)

)
: quandle twisted Alex. mtx.

MCQ [Ishii–M ’20]
ρ : MCQH = 〈x | r〉 → X : MCQ rep.
f := (f1, f2) : MCQ Alexander pair of maps f1, f2 : X × X → R

FMCQ(x)

∂f◦(ρ×ρ)
∂xj−−−−−→ R ⇝

(
∂f◦(ρ×ρ)

∂xj
(ri)

)
: MCQ twisted Alex. mtx.
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Def [Joyce, Matveev ’82]
(Q, ∗) : quandle
def⇐⇒
∀a, b, c ∈ Q,
• a ∗ a = a
• ∗a : Q → Q;x 7→ x ∗ a : bijection
• (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c)

Def [Ishii–Oshiro ’20]
Q : quandle, R : ring, f1, f2 : Q × Q → R
(f1, f2) : Alexander pair
def⇐⇒
∀a, b, c ∈ Q,
• f1(a, a) + f2(a, a) = 1
• f1(a, b) is invertible
• f1(a ∗ b, c)f1(a, b) = f1(a ∗ c, b ∗ c)f1(a, c)
f1(a ∗ b, c)f2(a, b) = f2(a ∗ c, b ∗ c)f1(b, c)
f2(a ∗ b, c) = f1(a ∗ c, b ∗ c)f2(a, c) + f2(a ∗ c, b ∗ c)f2(b, c)

⇐⇒
∀M : left R-module,
Q × M : quandle by (a, x) ∗ (b, y) = (a ∗ b, f1(a, b)x + f2(a, b)y)
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Def [Ishii ’15]
Gλ : group w/ the identity eλ (∀λ ∈ Λ), X :=

⊔
λ∈ΛGλ

(X, ∗) : multiple conjugation quandle (MCQ)
def⇐⇒
∀a, b ∈ Gλ, ∀x, y, z ∈ X,
• a ∗ b = b−1ab
• x ∗ eλ = x, x ∗ (ab) = (x ∗ a) ∗ b
• (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z)
• (ab) ∗ x = (a ∗ x)(b ∗ x)

Rem
An MCQ itself is a quandle.

Prop
(Q, ∗) : quandle

k := typeQ := min

n ∈ Z>0

∣∣∣∣∣∣
∀x, y ∈ Q,
x ∗n y := (· · · ((x ∗y) ∗ y) ∗ · · · ∗ y︸ ︷︷ ︸

n

) = x


Then,
Zk × Q =

⊔
x∈Q(Zk × {x}) : MCQ with (a, x) ∗ (b, y) := (a, x ∗b y),

(a, x) · (b, x) := (a + b, x).
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Def [M ’19]
X :=

⊔
λ∈ΛGλ : MCQ, R : ring, f1, f2 : X × X → R

(f1, f2) : MCQ Alexander pair
def⇐⇒
• ∀a, b ∈ Gλ,

f1(a, b) + f2(a, b) = f1(a, a
−1b).

• ∀a, b ∈ Gλ, ∀x ∈ X,
f1(a, x) = f1(b, x),

f2(ab, x) = f2(a, x) + f1(b ∗ x, a−1 ∗ x)f2(b, x).
• ∀x ∈ X, ∀a, b ∈ Gλ,

f1(x, eλ) = 1,

f1(x, ab) = f1(x ∗ a, b)f1(x, a),

f2(x, ab) = f1(x ∗ a, b)f2(x, a).
• ∀x, y, z ∈ X,

f1(x ∗ y, z)f1(x, y) = f1(x ∗ z, y ∗ z)f1(x, z),

f1(x ∗ y, z)f2(x, y) = f2(x ∗ z, y ∗ z)f1(y, z),

f2(x ∗ y, z) = f1(x ∗ z, y ∗ z)f2(x, z) + f2(x ∗ z, y ∗ z)f2(y, z).

⇐⇒
∀M : left R-module,
X̃ :=

⊔
λ∈Λ(Gλ × M) : MCQ with

(x, u) ∗ (y, v) := (x ∗ y, f1(x, y)u + f2(x, y)v) ((x, u), (y, v) ∈ X̃),

(a, u) · (b, v) := (ab, u + f1(a, a
−1)v) ((a, u), (b, v) ∈ Gλ × M).
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Free MCQ

SΛ = {Sλ |λ ∈ Λ} : set of pairwise disjoint sets

• FMCQ(SΛ) : free MCQ on SΛ

(the free object in the category of MCQs.)

MCQ presentation

R ⊂ FMCQ(SΛ) × FMCQ(SΛ)

• 〈SΛ | R〉 := FMCQ(SΛ)/ ∼R

• 〈SΛ | R〉 : a presentation of an MCQ X
def⇐⇒ 〈SΛ | R〉 ∼= X

• Any MCQ has a presentation.

Grp Qnd MCQ

Free object FGrp(S) (S : set) FQnd(S) (S : set) FMCQ(SΛ) (SΛ = {Sλ |λ ∈ Λ} : set of sets)

∀grp ∼= ⟨S |R⟩ ∀qnd ∼= ⟨S |R⟩ ∀MCQ ∼= ⟨SΛ |R⟩
Presentation := FGrp(S)/N(R) := FQnd(S)/ ∼R := FMCQ(SΛ)/ ∼R

(N(R) ◁ FGrp(S)) (R ⊂ FQnd(S)× FQnd(S)) (R ⊂ FMCQ(SΛ)× FMCQ(SΛ))

Grp Qnd MCQ

Free object FGrp(S) (S : set) FQnd(S) (S : set) FMCQ(SΛ) (SΛ = {Sλ |λ ∈ Λ} : set of sets)

∀grp ∼= ⟨S |R⟩ ∀qnd ∼= ⟨S |R⟩ ∀MCQ ∼= ⟨SΛ |R⟩
Presentation := FGrp(S)/N(R) := FQnd(S)/ ∼R := FMCQ(SΛ)/ ∼R

(N(R) ◁ FGrp(S)) (R ⊂ FQnd(S)× FQnd(S)) (R ⊂ FMCQ(SΛ)× FMCQ(SΛ))

K : knot K : knot H : handlebody-knot

Wirtinger pres. ↓ ↓ ↓
GK : knot grp. QK : fund. qnd. MCQH : fund. MCQ

Tietze trans. ⃝ ⃝ ⃝ (w.r.t. Wirtinger pres. of H)

Alexander mtx.

(
α ◦ pr ◦ ∂

∂xj
(ri)

) (
∂f◦ρ
∂xj

(ri)

) (
∂f◦ρ
∂xj

(ri)

)
[Ishii–Oshiro ’19] [Ishii–M ’20]

1
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Def [Ishii–M ’20]

SΛ = {Sλ |λ ∈ Λ} : finite set of pairwise disjoint finite sets

so that
⋃
SΛ = {x1, . . . , xn}

FMCQ(SΛ) =
⊔
µ∈M Gµ : free MCQ on SΛ

X = 〈SΛ | {r1, . . . , rm}〉 : finitely presented MCQ

pr : FMCQ(SΛ) → X : canonical projection

f = (f1, f2) : MCQ Alexander pair of maps f1, f2 : X × X → R

∂f
∂xj

: FMCQ(SΛ) → R : f-derivative (twisted derivative)

def⇐⇒
∀x, y ∈ FMCQ(SΛ), ∀a, b ∈ Gµ,

• ∂f
∂xj

(x ∗ y) = f1(pr(x), pr(y))
∂f
∂xj

(x) + f2(pr(x), pr(y))
∂f
∂xj

(y)

• ∂f
∂xj

(ab) =
∂f
∂xj

(a) + f1(pr(a), pr(a)
−1)

∂f
∂xj

(b)

• ∂f
∂xj

(xi) = δij (Kronecker delta)
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Def [Ishii–M ’20]
H : handlebody-knot
MCQH = 〈x1, . . . , xk; . . . ;xl, . . . , xn | r1, . . . , rm〉 : fund. MCQ of H

ρ : MCQH → X : MCQ rep.
f = (f1, f2) : MCQ Alexander pair of maps f1, f2 : X × X → R

f ◦ (ρ × ρ) := (f1 ◦ (ρ × ρ), f2 ◦ (ρ × ρ)) : MCQ Alexander pair
of maps f1 ◦ (ρ× ρ), f2 ◦ (ρ× ρ) : MCQH ×MCQH → R

For a relator r = (r′, r′′),
∂f◦(ρ×ρ)

∂xj
(r) :=

∂f◦(ρ×ρ)
∂xj

(r′) −
∂f◦(ρ×ρ)

∂xj
(r′′)

• A(H, ρ; f) :=

(
∂f◦(ρ×ρ)

∂xj
(ri)

)
: f-twisted Alexander matrix of (H, ρ)

(MCQ twisted Alexander matrix)

• R : GCD domain

∆d(H, ρ; f) :=


0 (d < n − m)

gcd({(n − d)-minors of A(H, ρ; f)}) (n − m ≤ d < n)

1 (n ≤ d)

: d-th f-twisted Alexander invariant of (H, ρ)

(MCQ twisted Alexander invariant)
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Ex

H

x1 x2

x3

x4

x5 x6
x7

c1 c2
c3

c4

τ1

τ2

(1, t)

(1, t)

(1, t)

(1, t)

(1, t)

(0, t)

(0, t)

xu

xv

xw

xu xv

xw xu xv

xw

c τ τ

rc : (xu ∗ xv, xw)

rτ : (xuxv, xw)

• relators

MCQH =

〈
x1, x2, x3;

x4, x5, x6;x7

∣∣∣∣∣∣
rc1 : (x5 ∗ x1, x6), rc2 : (x1 ∗ x6, x2),
rc3 : (x7 ∗ x3, x7), rc4 : (x4 ∗ x7, x3),
rτ1 : (x3x1, x2), rτ2 : (x6x4, x5)

〉

X := Z2 × 〈t | t3〉 : MCQ, ρ : MCQH → X : MCQ rep.
f1, f2 : X × X → Z[t±1]/(t3 − 1) : MCQ Alexander pair by{
f1((a, x), (0, y)) = 1,

f1((a, x), (1, y)) = −x−1y,


f2((0, x), (b, y)) = 0,

f2((1, x), (0, y)) = −1 − xy−1,

f2((1, x), (1, y)) = 1 + x−1y.
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（memo）f2((1, x), (1, y)) = 1 + x−1y

—————————————————————————————

∂f◦(ρ×ρ)
∂x1

((x5 ∗ x1, x6)) =
∂f◦(ρ×ρ)

∂x1
(x5 ∗ x1) −

∂f◦(ρ×ρ)
∂x1

(x6)

= f1(ρ(x5), ρ(x1))
∂f◦(ρ×ρ)

∂x1
(x5) + f2(ρ(x5), ρ(x1))

∂f◦(ρ×ρ)
∂x1

(x1)

= f2(ρ(x5), ρ(x1)) = f2((1, t), (1, t)) = 1 + t−1t = 2

A(H, ρ; f) =



x1 x2 x3 x4 x5 x6 x7

rc1 2 0 0 0 −1 −1 0

rc2 −1 −1 0 0 0 2 0

rc3 0 0 −2 0 0 0 0

rc4 0 0 −1 −1 0 0 0

rτ1 1 −1 1 0 0 0 0

rτ2 0 0 0 −1 −1 1 0


∼

(
2 1 0 0
0 2 0 0

)

∴ ∆d(H, ρ; (f1, f2)) =


0 (d < 2)

4 (d = 2)

1 (d > 2)

∴ H ≇ trivial handlebody-link
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