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Introduction

We consider a coloring links by the symmetric group 𝑆3 of order 3.

Definition 1

Let 𝐷 be an oriented diagram of a link 𝐿.

A map 𝐶: arcs of 𝐷 → 𝑆3 − 𝑒 is called an 𝑺𝟑-coloring on 𝐷 if it 

satisfies the following conditions at each crossings.

①On a positive crossing

𝐶(𝑥)𝐶(𝑦) = 𝐶(𝑧)𝐶(𝑥)
②On a negative crossing

𝐶 𝑦 𝐶 𝑥 = 𝐶(𝑥)𝐶(𝑧)
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Introduction

We see the palette graph of this coloring as follows.  (σ = (1 2), τ = (2 3))

depends on

orientations𝜎𝜏𝜎
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Introduction

Definition 2

① 𝐿 is an 𝑺𝟑-colorable link if ∃ a diagram of 𝐿 admits a non-trivial 

𝑆3-coloring, i.e., an 𝑆3-coloring with at least two colors.

② 𝐿 is an 𝑺𝟑, 𝒏 -colorable link if ∃ a diagram of 𝐿 admits a 𝑆3-

coloring with 𝑛 colors.

𝑆3, 3 -colorable

𝑆3, 2 -colorable

𝑆3, 4 -colorable
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Introduction

We can see the following.

Here, we have the next question.

Proposition

Any (𝑆3, 4)-colorable link is (𝑆3, 5)-colorable.

Question 1

For any (𝑆3, 5)-colorable link 𝐿, is 𝐿 (𝑆3, 4)-colorable？

{𝜎, 𝜏, 𝜎𝜏, 𝜏𝜎}
⇓

{𝜎, 𝜏, 𝜎𝜏, 𝜏𝜎, 𝜎𝜏𝜎}

{𝜎, 𝜏, 𝜎𝜏𝜎, 𝜎𝜏}
⇓

{𝜎, 𝜏, 𝜎𝜏𝜎, 𝜎𝜏, 𝜏𝜎}
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Main theorem

(Example 1) 𝐶[4, −2, −4,2,2, −2,−2]

Theorem 1 [Ichihara – M.]

①A 2-bridge link 𝐿 is 𝑆3, 4 -colorable if and only if 𝐿 has a Conway 

diagram 𝐷 = 𝐶 2𝑎1, 2𝑏1, 2𝑎2, 2𝑏2, … , 2𝑏𝑚 , 2𝑎𝑚+1 such that 𝐷
satisfies the following.

෍

𝑖=1

𝑚+1

|𝑎𝑖 | ≡ 0 (mod 2)

②Any 𝑆3, 5 -colorable 2-bridge link 𝐿 is 𝑆3, 4 -colorable. 
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Main theorem

[Outline of proof ①] （σ𝑖=1
𝑚+1 |𝑎𝑖 | ≡ 0 𝑚𝑜𝑑 2 ⇒ 𝑆3, 4 -colorable ）

𝐶[4, −2,−4,2,2, −2,−2]

First, we can fix the colors on the arcs in the figure to be 𝜎 and 𝜎𝜏. 

Here, any twists with 2𝑏𝑖 does not change the colors on parallel arcs.

We consider only the colors on twists with 2𝑎𝑖.

𝟐𝒃𝟏 𝟐𝒃𝟐 𝟐𝒃𝟑
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Main theorem

[Outline of proof ①] （σ𝑖=1
𝑚+1 |𝑎𝑖 | ≡ 0 𝑚𝑜𝑑 2 ⇒ 𝑆3, 4 -colorable ）

𝐶[4, −2,−4,2,2, −2,−2]

Here the color “𝜎𝜏𝜎” does not apper.

In the same way, if σ𝑖=1
𝑚+1 |𝑎𝑖 | ≡ 0 (𝑚𝑜𝑑 2) holds, then the diagram 

admits an 𝑆3-coloring with 4 colors.

𝟐𝒂𝟏 𝟐𝒂𝟐 𝟐𝒂𝟑 𝟐𝒂𝟒

8



Main theorem

[Outline of proof ②] ( 𝑆3, 5 -colorable ⇒ 𝑆3, 4 -colorable)

𝐶[2,4, 2]

R-moves
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Main theorem

We obtain the following results about the minimal coloring number for torus 

links and double twist links. 

Theorem 3 [Ichihara – M.]

𝐽(𝑘, 𝑙) ： a double twist link 

𝐽 𝑘, 𝑙 is (𝑆3, 4)-colorable but not (𝑆3, 3)-colorable 

⇔ 𝑘𝑙 ≡ 3 𝑚𝑜𝑑 4 and 𝑘𝑙 ≢ 2 (𝑚𝑜𝑑 3)

Theorem 2 [Ichihara – M.]

𝑇(2, 𝑞) ： a torus link 

𝑇(2, 𝑞) is (𝑆3, 4)-colorable but not (𝑆3, 3)-colorable

⇔ 𝑞 ≡ 0 𝑚𝑜𝑑 4 and 𝑞 ≢ 0 (𝑚𝑜𝑑 3)
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Main theorem

(Example 2) 𝑇(2, 4)

(Example 3) 𝑇(2, 6)
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Main theorem

(Example 4) J(3,5)
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Thank you
for your attention.


