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Abstract. In this article we review the proof of a weak version of the FLM
conjecture in [LY2]. Namely, we prove that a holomorphic c = 24 framed
vertex operator algebra is isomorphic to the moonshine VOA if and only if its
weight one subspace is trivial. A brief review on the theory of framed VOA is
also given.

1. Introduction

Frenkel, Lepowsky and Meurman conjectured in the introduction of the mon-
umental book [FLM] that the moonshine vertex operator algebra V \ can be char-
acterized by the three conditions as follows.

The FLM Conjecture. The moonshine VOA V \ is the unique object satisfying:
(a) V \ is holomorphic, i.e, V \ itself is the unique irreducible V \-module,
(b) the central charge is 24,
(c) V \

1 = 0.

These conditions are natural analogues of conditions which characterize the bi-
nary Golay code and the Leech lattice. Given the validity of their conjecture, the
Monster arises as the automorphism group of a certain unique structure, which is
analogous to the largest Mathieu group and the largest Conway group which are
automorphism groups of the Golay code and Leech lattice, respectively. This con-
jecture is still open up to now and is considered as a very difficult problem in VOA
theory.

When the above conjecture was first proposed, the condition (a) was open.
This property was established by Dong [D].

In this article we will review a proof of a weak version of the FLM conjecture. It
is shown in [LY2] that the moonshine vertex operator algebra can be characterized
by Virasoro frames and its trivial weight subspace.

Theorem 1. ([LY2]) Let V be a holomorphic framed VOA of central charge
24. Assume further that V1 = 0. Then V is isomorphic to V \.
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There is another characterization result by Dong, Griess and Lam [DGL]. They
characterized the moonshine VOA by its Griess algebra among strongly rational
holomorphic VOAs of central charge 24. They did not assume the existence of a
Virasoro frame, but proved it by another assumptions about the structure of the
Griess algebra and then established the uniqueness by using a specific Virasoro
frame. On the other hand, we directly assume the existence of a Virasoro frame
but do not require any assumption on the commutative algebra structure on the
Griess algebra. Our proof works for any Virasoro frame.

In both approaches, involutions of the Griess algebra play a crucial role so we
will also discuss on involutions of vertex operator algebras as well as a proof of
Theorem 1.

This article is mainly based on our works [LY1, LY2].

Acknowledgment. The authors would like to thank the organizers of “In-
ternational Conference on Vertex Operator Algebras and Related Areas” for their
hospitality.

Notation and Terminology. Every vertex operator algebra (VOA for short)
is defined over the complex number field C unless otherwise stated. For a VOA
structure (V, Y (·, z),1, ω) on V , the vector ω is called the conformal vector of V .
The vertex operator Y (a, z) of a ∈ V is expanded as Y (a, z) =

∑
n∈Z a(n)z

−n−1.
For c, h ∈ C, let L(c, h) be the irreducible highest weight module over the

Virasoro algebra with central charge c and highest weight h. It is well-known that
L(c, 0) has a simple VOA structure. An element e ∈ V2 is referred to as a Virasoro
vector with central charge ce ∈ C if e(1)e = 2e and e(3)e = (ce/2)1. It is well-known
that by setting Le(n) := e(n+1), n ∈ Z, we obtain a representation of the Virasoro
algebra on V (cf. [M1]), i.e., the following holds:

[Le(m), Le(n)] = (m− n)Le(m + n) + δm+n,0
m3 −m

12
ce.

Therefore, a Virasoro vector together with the vacuum vector generates a Virasoro
VOA inside V . We shall denote this subalgebra by Vir(e).

In this article, we define a sub VOA of V to be a pair (U, e) of a subalgebra U
and a Virasoro vector e ∈ U such that U contains the vacuum vector 1 and e plays
the role of the conformal vector of U . Note that (U, e) inherits the grading of V ,
that is, U = ⊕n≥0Un with Un = Vn ∩ U , but e may not be the conformal vector of
V . In the case that e is also the conformal vector of V , we shall call the sub VOA
(U, e) a full1 sub VOA.

The letter Λ always denotes the Leech lattice, the unique even unimodular
lattice of rank 24 without roots.

Given an automorphism group G of V , we denote by V G the fixed point sub-
algebra of G in V .

We denote the ring Z/2Z by Z2 and often identify integers 0, 1 with their images
in Z2. An additive subgroup C of Zn

2 together with the standard Z2-bilinear form
is called a linear code. For a codeword α = (α1, . . . , αn) ∈ C, we define the support
of α by supp(α) := {i | αi = 1} and the weight by wt(α) := |supp(α)|. For a binary
codeword γ ∈ Zn

2 , we denote Cγ := {α ∈ C | supp(α) ⊂ supp(γ)}. The all one
vector is a codeword (11 . . . 1) ∈ Zn

2 .

1It is also called a conformal sub VOA in the literature.
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2. Griess algebra and Ising frame

Recall the Griess algebra B\ of dimension 196884 constructed in [G, C]. The
Griess algebra B\ is a unital commutative non-associative algebra over R with
positive definite invariant bilinear form and it is shown (cf. [C, T]) that Aut(B\) is
exactly the Monster M, the largest sporadic finite simple group. In this subsection
we shall review how involutions of the Griess algebra will leads to the notion of
Ising frames.

2.1. Axial vector. Let t be a 2A-element of M [ATLAS]. The centralizer
CM(t) is isomorphic to a double cover 2.B of the Babymonster simple group B and
B\ decomposes into irreducible CM(t)-modules as follows (cf. [C, MN]):

(2.1)
196884 = 1 + 1 + 4371 + 96255 + 96256,

t : 1 1 1 1 −1.

By the decomposition above, we see that the fixed point subspace (B\)CM(t) forms
a 2-dimensional subalgebra, and therefore the unit vector 1B\ of B\ admits an or-
thogonal idempotent decomposition 1B\ = e + (1B\ − e) such that e ∈ (B\)CM(t).
The idempotent e is chosen to be the shorter one in (B\)CM(t) and such an idem-
potent is called an axial vector associated to a 2A-element t. The spectrum of the
adjoint action of e on B\ is as follows.

(2.2)

196884 = 1 + 1 + 4371 + 96255 + 96256,

t : 1 1 1 1 −1,

ad(e) : 1 0 1/4 0 1/32.

By the spectrum above, we can recover the action of t on B\ and in this sense we
have a one-to-one correspondence between 2A-involutions of M and axial idempo-
tents of B\.

Besides the large dimension, the main obstacle for the study of the Griess
algebra is its non-associativity. It is therefore natural to consider associative sub-
algebras. In [MN], Meyer and Neutsch discussed a structure theory of associative
subalgebras of B\ and they showed that every associative subalgebra of B\ is a
commutative semisimple algebra, i.e., it is generated by a system of idempotents.
Clearly, the fixed point subspace (B\)CM(t) above forms a commutative associative
subalgebra and is generated by two mutually orthogonal idempotents. Meyer and
Neutsch also constructed a maximal associative algebra of B\ and it is shown in
(loc. cit.) that (B\)CM(t) can be extended to a maximal associative subalgebra.

Theorem 2.1. ([MN]) Consider the Griess algebra defined over R.
(1) Let A be an associative subalgebra of B\. Then A ' Rk with k = dim A.
Namely, A is generated by a system of mutually orthogonal idempotents.
(2) There exists a maximal associative subalgebra of dimension 48 which is gener-
ated by 48 mutually orthogonal axial vectors.

In [MN], they conjectured that 48 is the maximum dimension among the as-
sociative subalgebras of B\. This conjecture was affirmatively solved by Miyamoto
[M1] based on the representation theory of the Virasoro algebra.

3



2.2. Miyamoto involution. Frenkel et al. [FLM] constructed a graded vec-
tor space V \ = ⊕n≥0V

\
n and showed that the Griess algebra B\ is naturally realized

as the weight two subspace V \
2 of V \. Namely, the Griess algebra is a part of an

infinite series of bilinear operations on the whole space V \ providing this with the
structure of a vertex operator algebra. We fix an isomorphism between B\ and the
weight two subspace V \

2 such that the identity of B\ corresponds to the conformal
vector of V \.

In the previous subsection, we have seen that a 2A-element of M uniquely
determines an axial idempotent e of B\. On the VOA side, an axial idempotent
corresponds to a c = 1/2 Virasoro vector of V \.

Definition 2.2. A c = 1/2 Virasoro vector e of a VOA V is called an Ising
vector if the Virasoro sub VOA Vir(e) generated by e is a simple Virasoro VOA
L(1/2, 0).

In [M1], Miyamoto defined an involution based on the representation theory of
L(1/2, 0). The idea is to recover 2A-involutions of the Monster in the case of V = V \

via the spectrum decomposition in (2.2).
Let e be an Ising vector of a VOA V . Then Vir(e) ' L(1/2, 0). It is known (cf.

[DMZ]) that L(1/2, 0) is rational and has three irreducibles, L(1/2, 0), L(1/2,1/2) and
L(1/2,1/16). Denote

(2.3) V = Ve[0]⊕ Ve[1/2]⊕ Ve[1/16]

the isotypical decomposition of V as a Vir(e)-module, that is, Ve[h] is the sum
of Vir(e)-submodules isomorphic to L(1/2, h). The fusion rules of L(1/2, 0)-modules
guarantee that the decomposition (2.3) induces an involutive automorphism of V .

Theorem 2.3. (Miyamoto involution [M1])
(1) With reference to the isotypical decomposition (2.3), define a linear endomor-
phism τe of V as identity on Ve[0]⊕Ve[1/2] and by multiplication with −1 on Ve[1/16].
Then τe ∈ Aut(V ).
(2) On the fixed point subspace V 〈τe〉, define an endomorphism σe by identity on
Ve[0] and by multiplication with −1 on Ve[1/2]. Then σe ∈ Aut(V 〈τe〉).

By (2.2), we note that the Miyamoto involution τe associated to an axial vector
e coincides with the 2A-element induced by e. It is known that this correspondence
is one-to-one.

Theorem 2.4. ([C, M1, Hö2]) There is a one-to-one correspondence between
Ising vectors of V \ and 2A-elements of M via Miyamoto involution.

By the theorem above, we see that the 48-dimensional associative subalgebra
of B\ discussed in (2) of Theorem 2.1 corresponds to a system of 48 mutually
orthogonal Ising vectors in V \, which leads to an embedding L(1/2, 0)⊗ 48 ↪→ V \.
As we have seen, every associative subalgebra of B\ is generated by idempotents
which correspond to Virasoro vectors in V \. It is known that the squared norm of
an idempotent corresponds to its central charge. Based on the theory of unitary
representation of the Virasoro algebra, it is shown in [M1] that 48 is indeed the
maximum dimension among associative subalgebras of B\.

2.3. Ising frames and framed VOAs. Let Zα be the rank one lattice such
that 〈α, α〉 = 4 and let us consider the associated lattice VOA VZα. Here and further
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we will use the standard notation for lattice VOAs as in [FLM]. In particular, V +
L

denotes the fixed point sub VOA of VL with respect to a lift of the (−1)-isometry
on an even lattice L. In VZα, we can find the following mutually orthogonal Ising
vectors.

(2.4) w±(α) :=
1
8
α(−1)21+

1
4

(
eα + e−α

) ∈ VZα.

Indeed, one can find w±(α) inside the fixed point sub VOA V +
Zα. As a module over

Vir(w+(α))⊗Vir(w−(α)), one has the decompositions

(2.5) V +
Zα = L(1/2, 0)⊗L(1/2, 0), VZα = L(1/2, 0)⊗L(1/2, 0)⊕ L(1/2,1/2)⊗L(1/2,1/2).

Next, let us consider the lattice VOA VΛ associated to the Leech lattice Λ. It
is known (cf. [DLMN]) that there is an isometric embedding

√
2A⊕24

1 ↪→ Λ and
correspondingly we have a subalgebra of VΛ isomorphic to V ⊗ 24

Zα . By taking the
fixed points, we have an embedding

(2.6) L(1/2, 0)⊗ 48 ' (V +
Zα)⊗ 24 ↪→ V +

Λ ⊂ V \.

The subalgebra L(1/2, 0)⊗ 48 of V \ is full, that is, they share the same conformal
vector. This embedding was first discovered by Dong, Mason and Zhu [DMZ] and a
systematic analysis on the structure of V \ based on the existence of the subalgebra
L(1/2, 0)⊗ 48 has been begun. There are a lot of fruitful results. For example,
Dong [D] established that V \ itself is the unique irreducible V \-modules by using
representation theory of L(1/2, 0). Miyamoto [M3] reconstructed V \ starting from
L(1/2, 0)⊗ 48. Meyer and Neutsch’s result also supports it is natural to study V \

based on L(1/2, 0)⊗ 48. Motivated by this fact, Dong, Griess and Höhn introduced
a notion of so-called a framed VOA in [DGH].

Definition 2.5. A VOA V is called framed if V is simple and has a full
subalgebra F isomorphic to L(1/2, 0)⊗n, where we have the equality “the central
charge of V ”= n/2. A full subalgebra F ' L(1/2, 0)⊗n of V is called a Virasoro
frame or an Ising frame. Sometimes F is just called a frame also.

Here we give some examples of framed VOAs.

Example 1. We have an isometric embedding
√

2A⊕8
1 ↪→ E8 and correspond-

ingly
L(1/2, 0)⊗ 16 ' (V +√

2A1
)⊗ 8 ⊂ V ⊗ 8√

2A1
↪→ VE8 .

Therefore VE8 is a framed VOA. It is shown in [DM3] that VE8 is the unique
holomorphic C2-finite VOA of central charge 8.

Example 2. Let L be an even unimodular lattice of rank 16. It is known that
such a lattice is isometric to either D+

16 or E8 ⊕ E8. In either case, there exists an
embedding

√
2A⊕16

1 ↪→ L and correspondingly

L(1/2, 0)⊗ 32 ' (V +√
2A1

)⊗ 16 ⊂ V ⊗ 16√
2A1

↪→ VL.

It is shown in [DM3] that a holomorphic C2-finite VOA of central charge 16 is
isomorphic to a lattice VOA associated with an even unimodular lattice of rank 16.
Therefore, a holomorphic C2-finite VOA of central charge 16 is framed.

Example 3. As we have seen, VΛ and V \ are framed. More generally, it is
known that there exist 24 inequivalent even unimodular lattice of rank 24, including
Λ, and each of them contains a sublattice isometric to

√
2A⊕24

1 (called a 4-frame).
Therefore, the associated lattice VOA of central charge 24 is also framed.
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Example 4. In [Hö1], Höhn constructed a vertex operator algebra VB\ of
central 23 + 1/2 which affords a faithful action of the Babymonster simple finite
group B and it is established in [Hö2, Y2] that B is actually the full symmetry
group of VB\. The Babymonster VOA VB\ also possesses an Ising frame L(1/2, 0)⊗ 47.

By the examples above, we see that the family of framed VOAs contains plenty
of valuable objects. As its importance, we repeat the following observation.

Theorem 2.6. ([DM3]) Every holomorphic C2-finite VOA of central charge
less than 24 is framed.

Remark 2.7. The author does not know an rigorous example of a holomor-
phic VOA of central charge 24 which is not framed, even though some conjectural
examples are proposed in [S].

3. Structure of framed VOAs

In this section we will discuss a structure theory of framed VOAs and relations
to the coding theory.

3.1. Structure codes. Let V be a framed VOA and F ' L(1/2, 0)⊗n its
frame. It is known (cf. [DMZ]) that F is rational, that is, every F -module is
semisimple, and an irreducible F -module is given by one of the following:

(3.1) L(h1, . . . , hn) := L(1/2, h1)⊗ · · ·⊗L(1/2, hn), hi ∈ {0,1/2,1/16}.
Viewing V as an F -module, we obtain an irreducible decomposition

(3.2) V =
⊕

hi∈{01/2,1/16}
mh1,...,hnL(h1, . . . , hn),

where mh1,...,hn denotes the multiplicity. We can obtain a pair of binary codes from
the decomposition above as follows.

For an irreducible F -module L(h1, . . . , hn), hi ∈ {0,1/2,1/16}, define its 1/16-
word α = (α1, . . . , αn) ∈ Zn

2 by αi = 1 if hi = 1/16 and αi = 0 otherwise, and for
a binary codeword β ∈ Zn

2 we define V β to be the sum of irreducible F -modules of
V whose 1/16-word are equal to β. Denote by D the set of codewords β ∈ Zn

2 such
that V β 6= 0. Then we obtain the 1/16-word decomposition

(3.3) V =
⊕

α∈D

V β .

Let {e1, . . . , en} be the set of Ising vectors of F . Then F ' Vir(e1)⊗ · · ·⊗Vir(en).
By abuse of notation, we also call the subset {e1, . . . , en} itself an Ising frame. Let
G be the subgroup generated by {τei ∈ Aut(V ) | 1 ≤ i ≤ n}. For a codeword
β = (β1, . . . , βn) ∈ Zn

2 , we define

(3.4) τβ :=
∏

i∈supp(β)

τei = τβ1
e1 · · · τβn

en ∈ G.

Then τβ acts on the component V α by (−1)〈α,β〉 and therefore we can identify
D with the characters of G. The fixed point sub VOA V G coincides with the
component V 0 in the decomposition (3.3) and it follows from the quantum Galois
theory [DM1, DLM] that V G = V 0 is a simple sub VOA and each summand V α

is an irreducible V 0-submodule.
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Consider the fixed point sub VOA V G. By definition, it is of the form

(3.5) V G = V 0 =
⊕

hi∈{0,1/2}
mh1,...,hn

L(h1, . . . , hn).

Define C := {(α1, . . . , αn) ∈ Zn
2 | mα1/2,...,αn/2 6= 0}. Then (3.5) can be written as

(3.6) V 0 =
⊕

(α1,...,αn)∈C

mα1/2,...,αn/2L(α1/2, . . . , αn/2).

Let H be the subgroup generated by {σei ∈ Aut(V G) | 1 ≤ i ≤ n}. For a codeword
β = (β1, . . . , βn) ∈ Zn

2 , we define

(3.7) σβ :=
∏

i∈supp(β)

σei = σβ1
e1 · · ·σβn

en ∈ H.

Then σβ acts on the component mα1/2,...,αn/2L(α1/2, . . . , αn/2) by (−1)〈α,β〉, where
αi ∈ {0, 1}, and therefore C can be identified with the character group of H.
Consider the fixed point sub VOA (V G)H . By definition, (V G)H coincides with the
component m0,...,0L(0, . . . , 0) in the decomposition (3.2) and by the quantum Galois
theory [DM1, DLM] one has m0,...,0 = 1 and mh1,...,hn ≤ 1 if all hi ∈ {0, 1/2}.
That is, (V G)H coincides with the frame F and the decomposition (3.6) becomes

(3.8) V 0 =
⊕

(α1,...,αn)∈C

L(α1/2, . . . , αn/2).

Summarizing, we obtain a series of sub VOAs

(3.9) F = (V G)H ⊂ V G =
⊕

(α1,...,αn)∈C

L(α1/2, . . . , αn/2) ⊂ V =
⊕

α∈D

V β

and a pair of binary codes (C,D). The codes (C,D) are very important parameters
to describe the structure of V and we will call it the structure codes of V with
respect to the frame F . Here we present elemental properties of structure codes.

Proposition 3.1. ([DGH, M2]) Let V be a framed VOA with a frame F and
(C,D) its associated structure codes.
(1) C and D are even linear codes.
(2) Every codeword of D has a weight divisible by 8.
(3) C ⊂ D⊥.

More details about the structure codes (C, D) will be discussed later.

3.2. Code VOAs. Given a pair of even binary codes C and D, it is not obvi-
ous at all whether one can construct a framed VOA having (C, D) as its structure
codes. As we will see in the next subsection, we must have a quite strong duality
between structure codes C and D. In this subsection we will discuss the simplest
case D = 0.

Given an even linear code C of length n, it is shown in [M2] that there exists
a unique simple VOA structure on an L(1/2, 0)⊗n-module of the form (3.8).

Proposition 3.2. ([M2, DM2]) Given an even linear code C of length n,
there exists a unique structure of a simple VOA on

VC :=
⊕

(α1,...,αn)∈C

L(α1/2, . . . , αn/2),
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which forms a C-graded simple current extension of the frame L(1/2, 0)⊗n. The
extension VC is rational and C2-finite.

We refer the readers to [DM2, L, Y1] for the definition of simple current
extensions. Roughly speaking, a C-graded simple current extension of L(1/2, 0)⊗n

corresponds to a crossed product2 L(1/2, 0)⊗n o C.
Thanks to the proposition above, VC is uniquely determined by its structure

code C and therefore we can call it the code VOA3 associated to C.
By Proposition 3.2, the representation theory of code VOAs can be built upon

a general framework of theory of simple current extensions [L, Y1] and it is shown
that every irreducible modules over a code VOA is induced from one of an irre-
ducible module over the Ising frame [M2]. Below we simply summarize the result.
For details, see [M2, L, Y1].

Proposition 3.3. ([M2, L, Y1]) Let VC be a code VOA associated to an
even linear code C of length n. Let M be an irreducible L(1/2, 0)⊗n-module and
τ(M) ∈ Zn

2 its 1/16-word.
(1) If τ(M) ∈ C⊥, then M can be extended to an irreducible untwisted VC-module.
(2) If τ(M) 6∈ C⊥, then M can be extended to an irreducible Z2-twisted VC-module.

Remark 3.4. With reference to the proposition above, the number of inequiv-
alent extensions of M to VC-modules is also explicitly known. It depends on C and
τ(M). See [M2, Y1] for details.

3.3. Duality on structure codes. As we have seen in the previous subsec-
tion, we can always construct a framed VOA with structure codes (C, 0). Namely, a
code VOA realizes the desired extension of the Ising frame. By (3.9), every framed
VOA contains a code sub VOA and therefore a framed VOA can be seen as an
extension of its code sub VOA. In [LY1], a deep analysis on the structure of a
framed VOA has been done and they revealed that there exists a strong duality
between structure codes.

Theorem 3.5. ([LY1]) Let V be a framed VOA with structure codes (C, D).
For α ∈ Zn

2 , set Cα := {β ∈ C | supp(β) ⊂ supp(α)} and identify Cα with a
subcode of Zwt(α)

2 . Then Cγ contains a doubly even self-dual subcode for all γ ∈ D.
In particular, D ⊂ C ⊂ D⊥.

It follows from this theorem that the code C contains lots of doubly even self-
dual subcodes and must be much bigger than D. The existence of doubly even
self-dual subcodes leads to the following striking result.

Theorem 3.6. ([LY1]) Let V = ⊕α∈DV α be a framed VOA with structure
codes (C, D). Then all summands V α, α ∈ D, are simple current V 0 ' VC-
modules, and therefore V forms a D-graded simple current extension of its code sub
VOA.

By the theorem above, any framed VOA can be obtained by performing simple
current extensions of the Ising frame in two steps. In other words, one may imagine
that a framed VOA corresponds to a double crossed product (L(1/2, 0)⊗n)oC)oD
in mind. As an application of Theorem 3.6, one can show:

2“Crossed product” is not a well-defined object in the VOA theory.
3Even if C is not even, the extension VC still carries a structure of a simple vertex operator

superalgebra.
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Corollary 3.7. ([LY1]) There exist finitely many non-isomorphic framed
VOAs of a fixed central charge.

Proof: By Theorem 3.6, every framed VOA V is a simple current extension of
its code sub VOA. A code VOA is uniquely determined by its structure code by
Proposition 3.2. Therefore, it suffices to show that a code VOA has finitely many
extensions to larger framed VOAs with the same code sub VOA. It follows from
its rationality that a code VOA has finitely many inequivalent irreducible modules.
By the uniqueness of simple current extensions established in [DM2], the number
of possible extensions of a code VOA is finite and the assertion follows.

More precisely, we can refine the corollary above as follows.

Proposition 3.8. The number of inequivalent framed VOAs with structure
codes (C, D) is at most the order of HomZ(D,Zn

2/C), where n is the length of codes
C and D.

Proof: We have nothing to prove if there exists no framed VOA with structure
codes (C, D). So suppose we have a framed VOA V with structure codes (C,D). We
have the 1/16-word decomposition V = ⊕α∈DV α and V 0 ' VC . Suppose further
that we have another framed VOA W with structure codes (C, D). By assumption,
we have the 1/16-word decomposition W = ⊕α∈DWα and W 0 ' VC . We shall
show that W can be obtained by deforming V associated to a homomorphism in
HomZ(D,Zn

2/C).
We recall some results about VC-modules (cf. [M2]). Let M be an irreducible

VC-module. Then all irreducible L(1/2, 0)⊗n-submodules have the same the 1/16-
word so that the 1/16-word of M is well-defined which we denote by τ(M). Assume
τ(M) = 0. It is shown in [M2] that there exists a codeword γ ∈ Zn

2 which is unique
modulo C such that

(3.10) M ' VC+γ :=
⊕

β∈C+γ

L(β1/2, . . . , βn/2)

as an L(1/2, 0)⊗n-module. Moreover, there exists a unique simple VC-module struc-
ture on (3.10) and therefore VC+γ ' VC+γ′ as VC-modules if and only if γ ≡ γ′

mod C. We also have the fusion rule

(3.11) VC+γ £
VC

VC+γ′ = VC+γ+γ′

in the associated fusion algebra. Note that the fusion algebra associated to a code
VOA is associative (cf. [Hu]).

Consider the fusion product V α £VC Wα with α ∈ D. Since V α is a simple
current VC-module by Theorem 3.6, the fusion product V α £VC Wα is irreducible
and has the 1/16-word 0. That is, there exists a codeword γα ∈ Zn

2 such that

(3.12) V α £
VC

Wα ' VC+γα .

Since V α £VC
V α = V 0 = VC again by Theorem 3.6, we have

(3.13) Wα = V α £
VC

VC+γα

in the fusion algebra. We shall prove that the map γ : α 7→ γα + C defines
a linear homomorphism from D to Zn

2/C. For, we know V α £VC
V β = V α+β

9



and Wα £VC W β = Wα+β for all α, β ∈ D by Theorem 3.6. Let us compute
Wα £VC

W β in the fusion algebra in two ways. By (3.13) we have

Wα+β = Wα £VC W β

= (V α £VC VC+γα) £VC (V β £VC VC+γβ
)

= (V α £VC
V β)£VC

(VC+γα
£VC

VC+γβ
)

= V α+β £VC
VC+γα+γβ

.

On the other hand, we have Wα+β = V α+β £VC
VC+γα+β

. Therefore, by comparing
V α+β £VC

Wα+β , we obtain VC+γα+γβ
= VC+γα+β

and γα + γβ ≡ γα+β mod C.
Thus, the map γ is a group homomorphism in HomZ(D,Zn

2/C) as claimed.
On the other hand, given a linear homomorphism γ : D → Zn

2/C, we ob-
tain a set of inequivalent VC-modules {Ṽ α := VC+γα

£VC
V α | α ∈ D} such that

Ṽ α £VC
Ṽ β = Ṽ α+β for all α, β ∈ D. It is shown in Theorem 8 of [LY1] that if all

Ṽ α, α ∈ D, have integral top weights then

Ṽ :=
⊕

α∈D

Ṽ α

carries a unique structure of a framed VOA with structure codes (C,D). Therefore,
a homomorphism in HomZ(D,Zn

2/C) is uniquely determined by a pair V and W .
Summarizing, we have shown that every framed VOA with structure codes

(C,D) can be uniquely obtained by deforming V by a family of simple current
VC-modules {VC+γα | α ∈ D} associated to a homomorphism γ ∈ HomZ(D,Zn

2/C).
This completes the proof.

As in the case of code VOAs, there is a nice correspondence between modules
over a code VOA and those over a framed VOA described by a theory of simple
current extensions [L, Y1]. Here we state the consequence.

Proposition 3.9. ([LY1]) Let V be a framed VOA with structure codes (C,D)
and M an irreducible VC-module. Then there exists a unique η ∈ Zn

2 modulo D⊥

such that M can be uniquely extended to an irreducible τη-twisted V -module given
by V £VC

M as a VC-module.

As an application of the results above, we have a criterion which determines a
framed VOA is holomorphic or not by its structure codes.

Theorem 3.10. ([DGH, M3, LY1]) A framed VOA with structure codes
(C,D) is holomorphic if and only if C = D⊥.

3.4. Classification problem. By the results in the previous subsection, we
can expect to complete the classification of framed VOAs with small central charges.
It is no doubt that holomorphic framed VOAs are important objects in the VOA
theory so that the classification of holomorphic framed VOAs is one of our aim. In
[LY1], the authors almost reduced the classification problem to the coding theory
by showing the following result.

Theorem 3.11. ([LY1]) There exists a holomorphic framed VOA with struc-
ture codes (C,D) if and only if the pair (C, D) satisfies the following conditions:
(a) The length of C and D is divisible by 16.
(b) C is even linear.

10



(c) C = D⊥.
(d) 8 | wt(α) for any codeword α ∈ D.
(e) For any α ∈ D, Cα contains a doubly even self-dual subcode with support α.

For convention, we say a pair of linear codes (C,D) is F -admissible4 if it satisfies
the conditions (a)–(e) above. By Theorem 3.11, the classification of holomorphic
framed VOAs is almost reduced to the classification of F -admissible pairs of binary
codes. It is highly non-trivial that the classification problem of framed VOAs,
infinite dimensional objects, can be reduced to those of binary linear codes, finite
and discrete objects, of which the classification seems quite promising.

The conditions in Theorem 3.11 seems rather complicated. However, one can
further simplify as follows.

Lemma 3.12. ([LY1]) With reference to Theorem 3.11, the pair (D⊥, D) satis-
fies the conditions (a)–(e) if and only if D satisfies (a), (d) and the all-one vector
(11 . . . 1) ∈ D.

Namely, the classification of F -admissible pairs is equivalent to the classification
of triply even codes, that is, binary linear codes satisfying the condition (d) in
Theorem 3.11. The classification of n = 16 and n = 32 triply even codes is already
completed by Betsumiya [B].

Blueprint. As one of consequences of the classification of holomorphic c = 24
framed VOAs, we can expect to characterize V \ by its trivial weight one subspace.
Here is our first idea to establish Theorem 1.

Step 1. Classify all the F -admissible pairs of binary codes, or equivalently, all the
maximal triply even codes of length 48.

Step 2. With the list of F -admissible pairs, classify all the realizable holomorphic
framed VOAs having structure codes in the list.

Step 3. With the list of holomorphic c = 24 framed VOAs, establish that those in
the list with trivial weight one space are all isomorphic to the moonshine VOA.

Unfortunately, the classification of n = 48 triply even codes is much harder
than the n = 16 and n = 32 cases and not completed yet. However, Lam noticed
there is a direct way to characterize V \ by its Virasoro frame which we will discuss
in the next section.

4. Characterizing V \ by Ising frame

In this section we will give a proof of Theorem 1.
Let V be a holomorphic c = 24 framed VOA with trivial weight one subspace.

The key idea is to deform V to the Leech lattice VOA by using a technique of
Z2-orbifolding. The same idea has already been used in the proof of Theorem 9.5
in [M3]. The main difference is that we do not assume any information about the
structure codes, whereas some properties of specific structure codes are used there.
Instead, we use the following characterization result of Dong and Mason to identify
the Leech lattice VOA.

4“F -admissible” stands for “frame admissible”.
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Theorem 4.1. ([DM3]) Let V be a holomorphic C2-finite VOA of central
charge 24. If the Lie algebra structure on the weight one subspace V1 is non-trivial
and abelian, then dim V1 = 24 and V is isomorphic to the lattice VOA VΛ associated
to the Leech lattice Λ.

Let us start the proof of Theorem 1. Since V is framed, we have structure
codes (C, D) and the corresponding 1/16-word decomposition V = ⊕α∈DV α with
V 0 ' VC . It is shown in Theorem 3.10 that C = D⊥. Since V has a trivial weight
one subspace, C contains no codeword of weight two. Let δ := (11046) ∈ Z48

2 . Then
δ 6∈ C = D⊥ and τδ ∈ Aut(V ) defines a non-trivial involution.

Consider the VC-module VC+δ defined as in (3.10). It is clear that VC+δ contains
an L(1/2, 0)⊗ 48-submodule L(1/2,1/2)⊗ 2⊗L(1/2, 0)⊗ 46 and therefore the top weight
of VC+δ is 1. By Proposition 3.9, the induced module

(4.1) W := IndV
VC

VC+δ = V £
VC

VC+δ =
⊕

α∈D

V α £
VC

VC+δ

carries a structure of an irreducible Z2-twisted V -module. Indeed, it is easy to
check that the top weight of a summand V α £VC VC+δ is an integer if and only
if α ∈ D ∩ 〈δ〉⊥ and therefore W is an irreducible τδ-twisted V -module. Denote
D0 = D ∩ 〈δ〉⊥ = {α ∈ D | 〈α, δ〉 = 0} and set

(4.2) V + := V 〈τδ〉 =
⊕

α∈D0

V α, W+ :=
⊕

α∈D0

V α £
VC

VC+δ (= IndV +

VC
VC+δ),

and Ṽ := V +⊕W+. Since C̃ = Ct (C +δ) forms an even linear code, the subspace
VC̃ = VC ⊕ VC+δ ⊂ Ṽ forms a code VOA. Then it follows from the extension
property of simple current extensions in Theorem 2 of [LY1] that Ṽ forms a framed
VOA with structure codes (C̃, D0). It is clear that C̃⊥ = D0 and therefore Ṽ is a
holomorphic VOA of central charge 24. The deformation of V to Ṽ is referred to
as a τδ-twisted orbifold construction or simply a Z2-orbifold construction.

Now let θ be an involution on Ṽ which is defined by the identity on V + and
by −1 on W+. Fusion rules of VC-modules guarantee that θ ∈ Aut(V ). Recall
that the weight one subspace of Ṽ forms a Lie algebra equipped with the product
[a, b] := a(0)b for a, b ∈ Ṽ1. By construction, L(1/2,1/2)⊗ 2⊗L(1/2, 0)⊗ 46 ⊂ VC+δ ⊂
W+ whereas V +

1 ⊂ V1 = 0 so that Ṽ1 = W1 6= 0. Since θ acts by −1 on the weight
one subspace, we have

[Ṽ1, Ṽ1] = [W+
1 ,W+

1 ] ⊂ Ṽ
〈θ〉
1 = V +

1 = 0.

Hence, Ṽ1 is abelian. Now, by a characterization of the Leech lattice VOA in
Theorem 4.1, we see that Ṽ is isomorphic to the Leech lattice VOA VΛ.

It is well-known (cf. [DGH, LY1]) that an involution of VΛ which acts by −1
on its weight one subspace is unique up to conjugacy and hence θ can be identified
with a lift of the (−1)-isometry of the Leech lattice. With this identification, the
fixed point subalgebra Ṽ 〈θ〉 = V + is isomorphic to V +

Λ . Both V and Ṽ are Z2-
graded simple current extensions of V +

Λ . The irreducible V +
Λ -modules are classified

in [D] and it follows that such extensions are isomorphic to either VΛ or V \. Since
V has a trivial weight one subspace, we have a desired isomorphism V ' V \. This
completes the proof of Theorem 1.
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