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By, the classical braid group of n > 1 strands.

bi = bi biby= | +or | o=

1 i i+1 n

By =1, By = (01) = Z.
B, =(01,...,0n-1 |0 205 (| —i| >2), 0:0i410; = 0i+10:0i11)-
Forn > 3, B,, is generated by two e/ement.(e— Bn= <(r\l /~/\/\>j
Hy(Bn;Z) =27 (n > 2).

Theorem (Alexender (1923))

Every link is represented by a closure of a braid.
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Definition

@ A torus link (resp. a torus knot) is a link (resp. a knot) which is
included in a standardly embedded torus in 53 or R3.

@ A toric braid is a braid whose closure is a torus link.

Forn>2and m > 1,
B(n,m) = (0102 0p_1)™ € By

DO G = SR
B(n1)

A closure of B(n,m) is a torus link.
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Manturov (‘02) introduced a n-quasi toric braid in B, that is a
generalization of 3(n,m) and has a form

1 1 1 2 2 2 m m m
€1 &3 En—1 €1 &5 En—1 €1 &2 En—1
(01 09 -0, (o oy 0, ) - (07! 0y - 0"T) € By,

1 1

(010903) (07 03 03) (07 ' 0203)

A link represented by a closure of a n-braid is also represented by a closure
of a n-quasitoric braid.
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QB,, := {n-quasi toric braids} C B,,.

Theorem (Manturov (‘02))
@B, is a subgroup of B,,.

% QB =By =1, QBy=By = (01) = Z.
Main theorems:
Theorem (O. (arXiv:2301.07917))

@ Forn > 3 is odd, B, is generated by "+1 elements.
n+2

@ Forn >4 is even, QB,, is generated by elements.

.

Theorem (O. (arXiv:2301.07917))

7" @7, ifn>3 isodd,
7z @ Z% ifn >4 is even.

Hl(QBnS Z) = {

\

~> The generating set for ) B,, above is minimall!!

These results above for n = 3 are obtained from results of Shigeta (‘23).
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An explicit minimal generating set

0o := B(n,1) = 0102 0pn_1 € @By,
0; i =01 -‘Un_i_lag_li . ‘-0;_11 €Q@B, (1<i<n-1),

i.e. (50 =01 """ 0On—1, 51 =01+ 0pn_20, (52 =01 " 0Onp— 30’n120'

n— 1' n—1
..,6,1,2:010271---0,;1,5n71—011021“‘07;i1-
1 9 n 1 2 n 1
wAL S

e Forn >3 is odd, QB,, is generated by §; (0
@ Forn >4 is even, QB,, is generated by ¢; (0
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Sp: the symmetric group of degree n.

The action B, ~ {1,2,...,n} induces the surjective homomorphism
U: B, — S,.
W A

PB, :=ker U: the pure braid group. (Lie1)

Then, we have the following exact sequence:
1—>PBn—>Bnl>Sn—>1.
p:=(12 .- n)eS,.

Since ¥(o7'05? -+ 007
V(Q@Bn) = (p) = Zn.

Proposition (Manturov ('02))
PB, C QB,.

)=p€ Sy forany e1,e9,...,6,-1 € {£1},

Thus, we have the exact sequence

1 — PB, — QB -5 Zy[p] — 1.
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A finte presentation for PB,,

For1 <i<j<nmn,

ti,j — e Full-twist vee = was

Proposition (Namanya (‘23), O.)

Forn > 1, PB,, admits the presentation with generators t; ; for

1 <i < j <n and the following defining relations:
o t@jtk,l = tk,lt@j fOI‘j <k k<i <j <l orl <1,

—1 -1 —1 —1
Q & 1tkm—1tji-1tik—1t; =t qtig—1tji-1tkm-1t;,_ for

1<i<j<k<l<m<n.
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Chn) (%2)
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A finite presentation for QB,,

Proposition

Forn > 1, QB,, admits the presentation with generators QQ“and t;; for
. . .. . -

1 <i < j <mn, and the following defining relations: G0 e

Q lijtrg =tritiy forj <k k<i<j<l orl<i,
Q 5o stkm—1tji-ttikrti_y =t ytik-1tii1tkm-tti, oy for

Jvm_l
1<i<j<k<l<m<n,
e 5701 — tl,?’Ll
ti+17j+1 fOI‘j <n,
Q doti 0y =14 tin for (i,7) = (1,n),

toptiitoitivintin for j=n andi> 1.

N

Theorem (O. (again))
Put X = t1,_16,"">.
Hi(QBn: Z) = { (t1j (2 <j <251, o, X‘i{n =1) /.fn >3 /.s odd,
<t1’j (2<j<3) d, X‘XQ = 1> ifn >4 is even.

v
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Future works

Recall: B, = ~1(S,), PB, = ¥~1({1}), and QB, = ¥ 1({p)).
e Forn > 3, B, is generated by two elements.
o For n >3, PB, is generated by () elements.
@ For n > 3 is odd, @B, is generated by "—H elements.

n+2

@ Forn > 4 is even, @B, is generated by elements.

MOdO,n- the mapping class group of 2-sphere W|th n marked points.
¥: Mody,, — Sy: the natural sujective homomorphism.
e Forn >3, Mody,, = U~1(S,) is generated by two elements.
e For n >3, PModg, = U~ l!j ) is generated by (") — 1 elements.
& 1R e pure MCG

e Forn > 1, LMody, 12 = U~1(Wa,12) is'generated by three elements.

* the Littade Mcq 2 (Snx 80 )X 72

Problem

o For given subgroup H of Sy, determine the minimum number of
generators for U=1(H) or U—1(H).

@ When does the number depend on n?
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Thank you for your attention!!
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