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・A Dehn coloring matrix of classical knots(1/3)
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D : A classical knot diagram with m comple-
mentary regions

R1,⋯,Rm: Complementary regions of D

Z1,⋯, Zm: Variables corresponding to
the region R1,⋯,Rm of D

Zi +Zj −Zk −Zl = 0 ⋯ ☆○
　where the variables Zi, Zj, Zk, Zl correspond to the
regions Ri,Rj,Rk,Rl in figure
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・A Dehn coloring matrix of classical knots(2/3)

Dehn coloring equations of D :
　The system of ☆○ equations

Dehn coloring matrix of D :
　The coefficient matrix of the Dehn coloring equations

Theorem [M. Horiuchi, K. Ichihara, E. Matsudo, S.
Yoshida]

A Goeritz matrix can constract from a Dehn coloring
matrix of classical knots.
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・A Dehn coloring matrix of classical knots(3/3)

A Dehn n-coloring of D :
　 a map C : {R1,⋯,Rm} → Z/nZ
Theorem [Alexander Madaus, Maisie Newman, Heather
M. Russell]

The set of Dehn n-colorings is an invariant of classical
knots.
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・An abstract knot diagram

D : a virtual knot diagram
An abstract knot diagram of D : a pair (∑,D∑)

where the ∑ is a compact, orientable or non-
orientabie surface and D∑ is a knot diagram in ∑
like in figure
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・Two pseudo Goeritz matrices of virtual knots(1/2)
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D : a virtual knot diagram
A semi-arc of D
∶= an arc of D between two classical crossing

or loop without classical crossing of D

The first (or second) local region index
of D
∶= a numbering of local regions of R ∖D

around a classical crossing depicted as in
figure.
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・Example of the local region indices
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D : a virtual knot diagram as in figure

The labeling of region indices of D are
given as in figure.
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・The pseudo Goeritz matrices of virtual knots(2/2)

a1⋯ ar : semi-arcs of D
The first (or second) pseudo Goeritz matrix :

G1(D) (or G2(D)) =
⎡⎢⎢⎢⎢⎢⎣

p11 ⋯ p1r
⋮ ⋮

pr1 ⋯ prr

⎤⎥⎥⎥⎥⎥⎦

pij =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

the sum of indices of local regions between

semi-arcs ai and aj (i ≠ j)
− ∑
k, k ≠ i

pik (i = j)
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・Theorem and Example

D

Theorem [N. Kamada]

The torsion invariant of G1(D) (or
G2(D)) is an invariant of virtual knots.

G1(D) =

⎡⎢⎢⎢⎢⎢⎢⎣

2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

⎤⎥⎥⎥⎥⎥⎥⎦

⇒ [4 0
0 0]

G2(D) =

⎡⎢⎢⎢⎢⎢⎢⎣

0 −1 0 1
−1 2 −1 0
0 −1 0 1
1 0 1 −2

⎤⎥⎥⎥⎥⎥⎥⎦

⇒ [0 0
0 0]
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・A Dehn coloring matrix of virtual knots(1/3)

C
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( i,j)s C ;

D : A virtual knot diagram

a1⋯ ar : Semi-arcs of D

C1,⋯,Cn: Real crossings of D

(∑,D∑) : An abstract knot diagram of D

R1,⋯,Rm: Complementary regions of (∑,D∑)

s(Cp; i, j) : A local region index of the region between
ai and aj of D 10



・A Dehn coloring matrix of virtual knots(2/3)
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s(C ;i,j)
vR vZ

Yp

xi
xj

xj − xi + s(Cp; i, j)(Yp −Zv) = 0
　where the variables xi, xj, Yp, Zv corre-
spond to the ai, aj,Cp,Rv in figure

Dehn coloring equations of D :
The system of the equations for real cross-
ings and four local regions around them

Dehn coloring matrix of D :
　The coefficient matrix of the Dehn coloring equations
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・Example
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x3 − x1 + (Y1 −Z1) = 0 ⋯ 1○
x2 − x3 − (Y1 −Z1) = 0 ⋯ 2○
x1 − x4 − (Y1 −Z1) = 0 ⋯ 3○
x4 − x2 − (Y1 −Z2) = 0 ⋯ 4○
x3 − x1 − (Y2 −Z1) = 0 ⋯ 5○
x4 − x3 − (Y2 −Z1) = 0 ⋯ 6○
x2 − x4 + (Y2 −Z2) = 0 ⋯ 7○
x1 − x2 − (Y2 −Z1) = 0 ⋯ 8○
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・A Dehn coloring matrix of virtual knots(3/3)

A Dehn n-coloring of D :
a map C : {R1,⋯,Rm,C1,⋯,Cn,a1⋯ ar} → Z/nZ
Theorem

The set of Dehn n-colorings is an invariant of virtual
knots.
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・Example and main result
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 1 0 1 0 −1 0
0 1 −1 0 −1 0 1 0
1 0 0 −1 −1 0 1 0
0 −1 0 1 −1 0 0 1
−1 0 1 0 0 −1 1 0
0 0 −1 1 0 −1 1 0
0 1 0 −1 0 1 0 −1
1 −1 0 0 0 −1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Main result

A pseudo Goeritz matrix can constract from a Dehn
coloring matrix of virtual knots.
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・Constructing pseudo Goeritz matrix from Dehn col-
oring matrix(1/2)

C

a
a

p

j

p

i

s(C ;i,j)
vR vZ

Yp

xi
xj

D : A virtual knot diagram

a1⋯ ar : Semi-arcs of D

C1,⋯,Cn : Real crossings of D

R1,⋯,Rm : Complementary regions of (∑,D∑)
s(Cp; i, j) : A local region index of the region between

ai and aj of D

MD(= pij) : Dehn coloring matrix of D where the first to
the r-th columns correspond to the a1⋯ ar 15



・Constructing pseudo Goeritz matrix from Dehn col-
oring matrix(2/2)
Pi : A row vector of MD where pij ≠ 0

Gj =∑
k

−
s(Cp;k, j)

pkj
Pk

MG =
⎡⎢⎢⎢⎢⎢⎣

G1

⋮
Gr

⎤⎥⎥⎥⎥⎥⎦
= [G1 ⋯ Gr Gr+1 ⋯ Gr+n+m]

[G1 ⋯ Gr] is equal to the pseudo Goeritz matrix of D

[Gr+1 ⋯ Gr+n+m] = [O ⋯ O] 16



・Example(1/3)
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MD is given by the followings.
a1 a2 a3 a4 c1 c2 R1 R2

MD =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 1 0 1 0 −1 0
0 1 −1 0 −1 0 1 0
1 0 0 −1 −1 0 1 0
0 −1 0 1 −1 0 0 1
−1 0 1 0 0 −1 1 0
0 0 −1 1 0 −1 1 0
0 1 0 −1 0 1 0 −1
1 −1 0 0 0 −1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1○
2○
3○
4○
5○
6○
7○
8○
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・Example(2/3)

From G1 to G4 are given by the follow

G1 = [−1 0 1 0 1 0 −1 0] + [1 0 0 −1 −1 0 1 0] −
[−1 0 1 0 0 −1 1 0] + [1 −1 0 0 0 −1 1 0]

G2 = [0 1 −1 0 −1 0 1 0] − [0 −1 0 1 −1 0 0 1] −
[0 1 0 −1 0 1 0 −1] − [1 −1 0 0 0 −1 1 0]

G3 = − [−1 0 1 0 1 0 −1 0] − [0 1 −1 0 −1 0 1 0]
+ [−1 0 1 0 0 −1 1 0] − [0 0 −1 1 0 −1 1 0]

G4 = − [1 0 0 −1 −1 0 1 0] + [0 −1 0 1 −1 0 0 1]
+ [0 0 −1 1 0 −1 1 0] + [0 1 0 −1 0 1 0 −1]
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・Example(3/3)
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MG is given by the followings.

MG =

⎡⎢⎢⎢⎢⎢⎢⎣

2 −1 0 −1 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 0 0
−1 0 −1 2 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦

G1(D) is given by the followings.

G1(D) =

⎡⎢⎢⎢⎢⎢⎢⎣

2 −1 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2

⎤⎥⎥⎥⎥⎥⎥⎦
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Thank you for your attention !
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