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Stable map

Definition

M,N : smooth manifolds. f, g : M → N : smooth maps.

f ∼ g : right-left equivalent
def⇐⇒ ∃Φ : M → M and ϕ : N → N :

diffeo. s.t. g = ϕ ◦ f ◦ Φ−1;

M N

M N

⟲

f

ϕΦ

g

f is called a stable map
def⇐⇒ ∃Uf : a neighborhood of f in

C∞(M,R2) s.t. ∀g ∈ Uf , f ∼ g.
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Example

A Morse function f : M → R is a stable map.

M R

→
f

M : a closed orientable smooth 3-manifold. As a generalization of
a Morse function we consider stable maps M → R2.
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Throughout the following, M denotes a closed orientable smooth
3-manifold.

Fact [c.f. Levine]

A stable map f : M → R2 is locally given in one of the following:

i (u, x, y) 7→ (u, x) · · · regular point ∈ M

ii (u, x, y) 7→ (u, x2 + y2) · · · definite fold point

iii (u, x, y) 7→ (u, x2 − y2) · · · indefinite fold point

iv (u, x, y) 7→ (u, y2 + ux− x3) · · · cusp point

ii, iii and iv are singular points.
and f globaly satisfies

I f−1 ◦ f(p) ∩ S(f) = p for a cusp point p

II the restriction of f to S(f)− {cusp points} is an immersion
with only normal crossings.
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regular definite fold indefinite fold cusp

qf

f̄

p

qf (p)

f(p)
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Definition

f : M → R2 : a smooth map.

S(f) := {p ∈ M | rank(dfp) < 2} : the set of singular points of f .

the sets of definite fold, indefinite fold and cusp points are denoted
by S0(f), S1(f) and C(f), respectively.

Fact [Levine,1965]

The cusp points of each stable map M → R2 can be eliminated by
homotopy.

Theorem [Saeki,1996]

∃f : M → R2 s.t. C(f) = ∅ and f(S1(f)) is simple closed curves
iff⇐⇒ M : a graph manifold.

6 / 14



Preliminaries
Results

Key proposition

Definition

f : M → R2 : a stable map
the singular fibers over non-simple
crossings are of two types, type II2

and type II3.

II2(f) : the set of singular fibers of
type II2 of f
II3(f) : the set of singular fibers of
type II3 of f .

type II2 type II3

Theorem [cf. Ishikawa-Koda]

∀L : a link in M . Then ∃f : M → R2 s.t. C(f) = ∅, L ⊂ S0(f)
and II3(f) = ∅.
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Theorem [Ishikawa-Koda,2017]

L : a link in S3, ∃f : S3 → R2 : a stable map s.t. C(f) = ∅,
L ⊂ S0(f) and |II2(f)| = 1 and |II3(f)| = 0

iff⇐⇒
the exterior of L

diffeo
≈ a 3-manifold obtained by Dehn filling the

exterior of one of the six links L1, L2, · · · , L6 in S3 along some of
(possibly none of) boundary tori, where L1, L2, · · · , L6 are
illustrated in the following.1822 M. Ishikawa, Y. Koda

Fig. 2 The links L1, L2, . . . , L6 in S3

by easy combinatorial constructions and these provide immediately the same proper-
ties for stable map complexities (cf. Corollaries 3.9, 3.11). It follows immediately that
stable map complexities do not decrease under Dehn filling (cf. Corollary 3.13). This
behavior is similar to that of the hyperbolic volumes shown by Thurston [39].

In the remaining part of the paper, we discuss more applications of Theorem 3.5.
First, we construct a stable map for a link in the 3-sphere using a branched shadow, and
introduce a way to determine the configuration of its singular fibers. This construction
and the result for Dehn filling mentioned earlier yield the following:

Corollary 4.3 Let M be a closed orientable 3-manifold obtained from S3 by Dehn
surgery along a non-trivial link L. Then there exists a stable map f : M → R2

without cusp points satisfying |II2( f )| ≤ cr(L) − 2 and II3( f ) = ∅, where cr(L) is
the crossing number of L.

In [18], Kalmár–Stipsicz described the upper bounds of the minimal numbers of
simple crossings, II2( f ), II3( f ), etc., for stable maps that a closed 3-manifold M
admits in terms of properties of a surgery diagram of M . Corollary 4.3 provides better
upper bounds for |II2( f )|, |II3( f )| than theirs.

Next, developing the technique in this construction, we characterize the hyperbolic
knots in S3 having branched shadow complexity 1 as follows:

Theorem 5.6 Let L be a hyperbolic link in S3. Then bsc(S3, L) = 1 if and only if the
exterior of L is diffeomorphic to a 3-manifold obtained by Dehn filling the exterior of
one of the six links L1, L2, . . . , L6 in S3 along some of (possibly none of) boundary
tori, where L1, L2, . . . , L6 are illustrated in Fig. 2.

Each of the links L1, L2, . . . , L6 of this theorem is a hyperbolic link having the
volume 2Voct, where Voct = 3.66 . . . is the volume of the ideal regular octahedron. See
Costantino–Thurston [12, Proposition 3.33]. We note that by Agol–Storm–Thurston
[3, Theorem 9.1] the link L1 is a minimal volume hyperbolic link that contains a
meridional incompressible planar surface. See also Agol [1, Example 3.3]. In [43]

123
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Theorem [Furutani-Koda,2021]

L : a link in S3, ∃f : S3 → R2 : a stable map s.t. C(f) = ∅,
L ⊂ S0(f) and |II2(f)| = 0 and |II3(f)| = 1

iff⇐⇒
the exterior of L

diffeo
≈ a 3-manifold obtained by Dehn filling the

exterior of one of the four links L′
1, L

′
2, L

′
3 and L′

4 in S3 along
some of (possibly none of) boundary tori.

2 RYOGA FURUTANI AND YUYA KODA

In the present paper, we are interested in stable maps of links. Again, let f : M → R2

be a stable map. We note that the set S(f) of singular points of f forms a link in M ,
each of whose components consists only of exactly one type of singular points. When
a link L in M is contained in the set of definite fold points of f , we say that f is a
stable map of (M,L). In [15] Saeki showed that if (M,L) admits a stable map with no
singular fibers of type II2 or II3, then L is a graph link, that is, the exterior of L is a
graph manifold, and vice versa. This implies that any stable map of a hyperbolic link L
in M has at least one singular fiber of type II2 or II3. Recently, Ishikawa-Koda [8] gave
a complete characterization of the hyperbolic links in S3 admitting stable maps into R2

with a single singular fiber type II2 and no one of type II3, see Theorem 1.3. For other
work on the study of links through stable maps, see e.g. [14, 9].

The following is the main theorem of this paper.

Theorem 0.1. Let L be a hyperbolic link in S3. Then there exists a stable map f :
(S3, L) → R2 with II2(f) = ∅ and |II3(f)| = 1 if and only if the exterior of L is
diffeomorphic to a 3-manifold obtained by Dehn filling the exterior of one of the four
links L′

1, L
′
2, L

′
3 and L′

4 in S3 along some of (possibly none of) boundary tori, where
L′

1, L
′
2, L

′
3, L

′
4 are depicted in Figure 2.

L′
1 L′

2 L′
3 L′

4

Figure 2. The links L′
1, L

′
2, L

′
3 and L′

4.

We note that the link L′
1 above is the minimally twisted 5-chain link. All of the

above links L′
1, L

′
2, L

′
3, L

′
4 are invariant by the rotation of π around a horizontal axis.

Theorem 0.1, together with the above result of Ishikawa-Koda [8], completes the charac-
terization of the hyperbolic links in S3 that admit stable maps into R2 with exactly one
(connected component of a) fiber having two singular points. The proof is based on the
connection between the Stein factorizations of stable maps and branched shadows devel-
oped in Costantino-Thurston [3] and Ishikwa-Koda [8]. Our proof is constructive, thus,
as we will see in Corollary 3.1 we can actually describe the configuration of the fibers of
the maps. We remark that the links L′

1, L
′
2, L

′
3, L

′
4 in Theorem 0.1 are all hyperbolic of

volume 10vtet, where vtet = 1.0149 · · · is the volume of the ideal regular tetrahedron. In
fact, as was mentioned in Costantino-Thurston [3] we can find a decomposition of the
complement of each of L′

1, L
′
2, L

′
3, L

′
4 into 10 ideal regular tetrahedra. In the Appendix,

we describe this decomposition explicitly.

1. Preliminaries

Throughout the paper, we will work in the smooth category unless otherwise men-
tioned. Let Y be a subspace of a polyhedral space X. The symbolds Nbd(Y ;X) and
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Theorem [Ichihara-K.]

∀L : a two-bridge 2-componets link in S3.
Then ∃f : S3 → R2 : a stable map s.t. S0(f) = L and II2(f) = ∅.

Saeki I-K F-K Ichihara-K

Link Graph link Six links Four links Two bridge link

⇕ ⇕ ⇕ ⇓
type II2 0 1 0 0

type II3 0 0 1 ∗
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Example (Whitehead link)
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Definition

f : M → N : a smooth map. ∀p1, p2 ∈ M , p1 ∼ p2
def⇐⇒

they are contained in the same componet of the fibers of f .
Wf := M/∼ : the Stein factorization of f .

→ →

Wf
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Proposition [Furutani-Koda,2017]

f : S3 → R2 : a stable map. Then ∃g : S3 → R2 s.t. the Stein
factorization Qg is obtained from Qf by replacing each part
homeomorphic to X with the model in the figure.

Qf

∩
Qg

∩

X

⇝
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Thank you
for your attention.
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