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Abstract. An algorithm is presented for computing verified bounds for
the value of the real gamma function. It has been shown that the double
exponential formula is one of the most efficient methods of calculating
the type of integrals. Recently, an useful evaluation based on the double
exponential formula over the semi-infinite interval is proposed. However,
the evaluation would be overflow when applied to the type of the integrals
directly. In this paper, we present a technique so as to be able to use the
evaluation for the real gamma function. Numerical results are presented
for illustrating effectiveness of the proposed theorem in terms of the
accuracy of the calculation.
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1 Introduction

This paper is concerned with a verified numerical computation of the real gamma
function. The real gamma function is defined by

Γ (x) :=

∫ ∞

0

ux−1 exp(−u)du, (1)

for all real x.

As far as we know, several verified numerical algorithms have been proposed
for the real gamma function [1, 2]. Basically, these algorithms use the properties



of the gamma function,

Γ (x+ 1) = xΓ (x) , (2)

−xΓ (−x)Γ (x) =
π

sinx
. (3)

Using these, it is possible to narrow the range to be considered primarily into

1 ≦ x ≦ 2. (4)

Rump uses the polynomial approximation for the range of the real gamma func-
tion [1], and Kashiwagi uses the power series arithmetic after dividing the integral
Eq.(1) into a part of a finite integral and an infinite integral [2].

The purpose of this paper is to present an efficient theorem based on verified
numerical integration algorithm over semi-infinite interval. It has been shown
that the double exponential formula proposed by Takahasi and Mori [3] is one
of the most efficient methods of calculating an approximate value of this type
of integrals. The idea of the double exponential formula is to transform a given
problem into an integral over (−∞,∞) via a change of variable u = φ(t) as∫ ∞

0

f(u)du =

∫ ∞

−∞
f (φ(t))φ′(t)dt. (5)

Then, the integral on the right hand side of Eq.(5) is evaluated by the trapezoidal
formula. For the function φ(t), an appropriate double exponential transformation
such as

φ(t) = log
(
1 + exp

(π
2
sinh(t)

))
(6)

is used [4]. Thus, the double exponential formula is explicitly written like∫ ∞

0

f(u)du ≈ h
N∑

k=−M

f (φ(kh))φ′(kh). (7)

Recently, Okayama [4] have given an error formula in which all constants are
explicitly given for the following type using the double exponential formula:

f(u) = g(u) exp(−u). (8)

This result is very useful to evaluate an upper bound of the approximation error
of the type of integrals, but it cannot be used directly for the type of the real
gamma function. In this paper, we present a technique so as to be able to use the
result for the calculation of the function. By numerical experiments it is shown
that the proposed approach is efficient in terms of the accuracy of the results.

2 Main Theorem

2.1 Preliminary

In this paper, we are concerned with a problem of calculating an inclusion of
the real gamma function defined by Eq.(1). Here, we briefly review Okayama’s
results.



Let d be a positive constant with d < π/2. We define a domain Dd by

Dd = {z ∈ C : |Im z| < d} . (9)

Theorem 1 (Okayama [4, Theorem 2.9, α = 1]). Assume that f is analytic
in φ (Dd), and there exist positive constant K and β (β ≦ 1) such that

|f(z)| ≦ K |exp(−βz)| (10)

for all z ∈ φ (Dd). Let h be defined as

h =
log (4dn/β)

n
, (11)

and let M and N be defined as

N = n, M = n− ⌊log(1/β)/h⌋, (12)

and xγ is defined for γ > 0 by

xγ =


arcsinh

(√
1+

√
1−(2πγ)2

2πγ

) (
if 0 < γ <

1

2π

)
arcsinh (1)

(
if

1

2π
≦ γ

)
.

(13)

Furthermore, let n be taken sufficiently large so that

n ≧ βe

4d
, Mh ≧ x1, and Nh ≧ xβ , (14)

hold. Then it holds that∣∣∣∣∣
∫ ∞

0

f (u) du− h
N∑

k=−M

f (φ(kh))φ′(kh)

∣∣∣∣∣ ≦ C exp

(
−2πdn

log(4dn/β)

)
, (15)

where the constant C is defined by

C =
2K

β

{
2

(1− exp(−πβe/2))
{
cos(π2 sin(d))

}1+β
cos(d)

+ exp
(π
2

)}
. (16)

This theorem is very useful for the type of integral Eq.(8) s.t. Eq.(10). How-
ever, the upper bound K in the theorem would be overflow when applied with
β = 1 to the following type of the integral:

f(u) = ux−1 exp(−u). (17)



2.2 Main Theorem

To overcome the problem, the following lemma has been presented.

Lemma 1. Let x be a real number with 1 ≦ x ≦ 2 and let β, γ defined by

β = 1−
(
x− 1

2π

)
, γ = − log

(
cos
(π
2
sin d

))
. (18)

Then it follows that

sup
z∈φ(Dd)

∣∣zx−1 exp(−(1− β)z)
∣∣ ≦ [(γ2 + π2

)
exp(γ/π)

] x−1
2 (=: C ′) (19)

holds.

By using the lemma, we will obtain the following theorem.

Theorem 2. Let x be a real number with 1 ≦ x ≦ 2 and let β, γ defined by
Eq.(18). Assume that f is analytic in φ (Dd) and f satisfies

|f(z)| ≦ |z|x−1 |exp(−z)| (20)

for all z ∈ φ (Dd). Let h be defined as Eq.(11), and let M and N be defined as
Eq.(12). Furthermore, let n be taken sufficiently large so that Eq.(14) hold. Then
it holds that∣∣∣∣∣

∫ ∞

0

f (u) du− h

N∑
k=−M

f (φ(kh))φ′(kh)

∣∣∣∣∣ ≦ CC ′ exp

(
−2πdn

log(4dn/β)

)
, (21)

where the constants C and C ′ are defined by Eq.(16) and Eq.(19) respectively.

3 Numerical Result

In this section, we present the numerical experiments. These experiments have
been done under the following computer environment: Mac OS X Yosemite
(10.10), Memory 32GB, Intel Core i7 4.0GHz, Apple LLVM version 6.0 (clang-
600.0.54) with kv library version.0.4.22 for the interval arithmetic [5] and MPFR
library for high precision arithmetic [6].

In figure 1, we focus on the error bounds of Γ (x) with x = 1.95 by the
proposed theorem when the number of points has been changed in range of
[1, 150]. It can be seen that the absolute errors decrease with double exponential
decay as the number of the points increases.

In figure 2, we show the relative errors of the integral Eq.(1) in range of [1, 2].
We can see that the results by the proposed theorem are very stable in the range,
and only a few digits have been lost throughout the calculation of the integral.
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Fig. 1. The error bounds of inclusions of Γ (x) with x = 1.95 by the proposed theorem
when the number of points has been changed in range of [1, 150].
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Fig. 2. The relative error of the integral Eq.(1) in range of [1, 2] by the proposed
theorem using the floating points system having 53 bits, 106 bits and 212 bits mantissa.
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