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Abstract. We provide a systematic method to validate the domain of
Lyapunov functions around hyperbolic fixed points both for continuous
and for discrete dynamical systems with computer assistance.
We also give the construction of Lyapunov functions around periodic
orbits as fixed points of Poincaré maps as well as validation examples in
our talk.
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1 Introduction

Lyapunov functions are heart of gradient dynamical systems, which ensures that
all trajectories behave so that Lyapunov functions decrease monotonously. Such
behaviors are expected locally around hyperbolic fixed points or general invariant
sets. Once we construct Lyapunov functions locally around invariant sets, they
let us easy to understand local dynamics in terms of level sets of Lyapunov
functions.

In general, explicit construction of Lyapunov functions is not easy because
of nonlinearity of dynamical systems. Nevertheless, local analysis around fixed
points with interval arithmetics contribute the explicit construction of locally
defined Lyapunov functions, e.g. [1]. Similarly, such analyses also contribute the
construction of cones, e.g. [4], which describes local dynamics in the stable and
unstable directions around invariant sets [2][6].

If we want to verify that a given function is a Lyapunov function with interval
arithmetics, it is sufficient to check if the function decreases along solution orbits
directly in the case that orbits are away from fixed points. On the other hand,
in domains containing fixed points, a naive verification with intervals cannot
be applied since intervals may contain fixed points, which prevents to show
decreasing of Lyapunov functions.

In order to calculate a Lyapunov function in a neighborhood of hyperbolic
fixed points, we use information of differentials of vector fields or maps at fixed
points, which is natural to analyze local dynamics around hyperbolic fixed points
[2]. Readers see that a sufficient condition to derive Lyapunov functions is equiv-
alent to cone conditions discussed in [4], which is applied to validation of stable
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and unstable manifolds. Additionally, our new criterion can be applied to detect
quadratic forms being Lyapunov functions with their domains explicitly by using
interval arithmetics.

In the following sections we show systematic ideas of construction of Lya-
punov functions in terms of quadratic forms and to compute their domains for
continuous and discrete dynamical systems.

2 Lyapunov functions for continuous dynamical systems

In this section we consider dynamical systems generated by ordinary differential
equations, in particular, autonomous system written by

dx

dt
= f(x), x, f ∈ Rm. (1)

Let x∗ be a fixed point of (1). Also, assume that x∗ is hyperbolic. Namely, all
eigenvalues of the Jacobian matrix Df(x∗) are away from the imaginary axis.

Definition 1. Let U ⊂ Rm be an open subset. A Lyapunov function L : U → R
(for the flow) is a C1-function satisfying the following conditions.

1. (dL/dt)(x(t))|t=0 ≤ 0 holds for each solution orbit {x(t)} through
x(0) = x0 ∈ U .

2. (dL/dt)(x(t))|t=0 = 0 implies x(t) ≡ x∗ ∈ U , where x∗is a fixed point of
(1).

Our aim here is to construct a Lyapunov function defined in an explicitly given
neighborhood of x∗.

2.1 Construction of quadratic forms

1. Let Df∗ be the Jacobian matrix Df(x∗) of f(x) at x = x∗. For simplicity,
assume that Df∗ is diagonalizable by a nonsingular matrix X:

Λ = X−1Df∗X,

where Λ = diag(λ1, λ2, · · · , λm). Note that computations of Λ and X do not
need to apply interval arithmetics.

2. Let I∗ be the diagonal matrix I∗ = diag(i1, i2, · · · , im), where

ik =

{
1, if Re(λk) < 0,

−1, if Re(λk) > 0.

Note that Re(λk) ̸= 0 since x∗ is hyperbolic.
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3. Calculate the real symmetric matrix Y as follows:

Ŷ := X−HI∗X−1,

Y := Re(Ŷ ),

where X−H denotes the inverse matrix of the Hermitian transpose XH of
X, which is sufficient to be calculated by floating-point arithmetics.

4. Define the quadratic form L by

L(x) = (x− x∗)TY (x− x∗),

which is a candidate of Lyapunov function around x∗. When we deal with
L with interval arithmetics, we replace Y by (Y + Y T )/2 or set Yji = Yij so
that we should keep the symmetry of Y .

2.2 Verification of domains of Lyapunov functions

The determination of domains of L being a Lyapunov function consists of fol-
lowing stages.

Stage 1. For domains containing the fixed point, we verify the negative defi-
niteness of matrices associated with dL/dt(x(t)) along the solution orbit x(t)
with validated computation and interval arithmetic. Concretely we check the
negative definiteness of the following matrices for interval vectors [x∗] which
contain the fixed point:

A([x∗]) = Df([x∗])TY + Y Df([x∗]).

Stage 2. For domains which do not contain fixed points, we divide them into
subdomains and verify the negativity of dL/dt(x(t)) with validated compu-
tation and intervals.

If such criteria pass for given domains, the quadratic form L is validated as a
Lyapunov function on the domains. Details are discussed in the talk.

3 Lyapunov functions for discrete dynamical systems

In this section we consider discrete dynamical systems generated by continuously
differentiable maps of the form

xn+1 = ψ(xn), x0, ψ ∈ Rm. (2)

Assume that x∗ is a hyperbolic fixed point of ψ, namely, all eigenvalues of the
Jacobian matrix Dψ(x) of ψ(x) at x∗ are away from the unit circle.

Definition 2. Let U ⊂ Rm be an open subset. A Lyapunov function L : U → R
(for the map ψ) is a C1-function satisfying the following conditions.

1. L(ψ(x)) ≤ L(x) holds for all x ∈ U .

2. L(ψ(x)) = L(x) implies ψ(x) = x∗ ∈ U , where x∗is a fixed point of (2).

Our aim here is to construct a Lyapunov function for ψ defined in an explicitly
given neighborhood of x∗.
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3.1 Construction of quadratic forms

1. Diagonalize Dψ(x∗) such as

Λ = X−1Dψ(x∗)X,

where Λ = diag(λ1, λ2, · · · , λm) is the eigenvalue matrix of Dψ(x∗) and X is
the nonsingular matrix given by corresponding eigenvectors. Note that these
calculatation do not need interval arithmetics.

2. Let I∗ be the diagonal matrix I∗ = diag(i1, i2, · · · , im), where

ik =

{
1, if |λk| < 1,

−1, if |λk| > 1.

Note that |λk| ̸= 1 because of hyperbolicity.
3. Calculate the real symmetric matrix Y as follows:

Ŷ := X−HI∗X−1,

Y := Re(Ŷ ),

where X−H denotes the inverse matrix of the Hermitian transpose XH of
X, which is sufficient to be calculated by floating-point arithmetics.

4. Define the quadratic form L by

L(x) = (x− x∗)TY (x− x∗),

which is a candidate of Lyapunov function around x∗. When we deal with
L with interval arithmetics, we replace Y by (Y + Y T )/2 or set Yji = Yij so
that we keep the symmetry of Y .

3.2 Verification of domains of Lyapunov functions

The determination of domains of L being a Lyapunov function consists of fol-
lowing stages.

Stage 1. For domains containing the fixed point, we verify the negative definite-
ness of matrices associated with L(ψ(x))−L(x) along the solution orbit x(t)
with validated computation and interval arithmetic. Concretely we check the
negative definiteness of the following matrices for interval vectors [x∗] which
contain the fixed point:

B([x∗]) = Dψ([x∗])TY Dψ([x∗])− Y.

Stage 2. For domains which do not contain fixed points, we divide them into
subdomains and verify the negativity of L(ψ(x))−L(x) with validated com-
putation and intervals.

If such criteria pass for given domains, the quadratic form L is validated as a
Lyapunov function on the domains. Details are discussed in the talk.
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4 Verification of the existence of periodic orbits

There are mainly two approaches to verify the existence of periodic orbits with
interval arithmetics:

1. Construct Poincaré maps on a section and verify their fixed point, e.g., [3].
2. Regard periodic orbits as solutions of two-point boundary value problems

and verify solutions with bordering conditions, e.g. [5].

In the following we assume that there is a periodic orbits γ as well as associated
Poincaré map, and that the existence domain is specified as an interval domain
on a hyperplane which corresponds to the Poincaré section. In this case, Lya-
punov functions for discrete dynamical systems defined by Poincaré maps are
considered.

4.1 Poincaré maps and their differentials

Assume that the system of ODE (1) possess the periodic orbit and that it is
specified as a fixed point of the Poincaré map defined on a hyperplane Γ with the
unit normal vector n. Let ϕ(t, x) be the point on the trajectory with the initial
point x ∈ Γ at the time t and Tr(x) > 0 be the time which ϕ(Tr(x), x) ∈ Γ
holds. Consider the iteration

xn+1 = ψ(xn),

ψ(x) := ϕ(Tr(x), x),

and construct a Lyapunov function of a fixed point of this system by following
arguments in Section 3. To this end, we need the Jacobian matrix of the Poincaré
map ψ at x, which is described as follows.

Dψ =

(
I − f(ψ(x))nT

nT f(ψ(x))

)
∂

∂x
ϕ(Tr(x);ψ(x)),

where ∂ϕ
∂x is defined and calculated by the variational equation for the ODE (1).

We will show the details of this paper and some numerical examples in our talk.
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