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Abstract. This paper is concerned with accurate computations for ma-
trix multiplication. An error-free transformation of matrix multiplication
is developed by the authors. It transforms a product of two floating-
point matrices to a sum of several floating-point matrices by using only
floating-point arithmetic. This transformation is useful not only for ac-
curate matrix multiplication but also for interval enclosures of matrix
products. The key technique is an error-free splitting of floating-point
numbers. We improve known error-free splitting and develop an a pos-
teriori validation method for the error-free transformation.
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1 Introduction

This report is concerned with accurate computations of matrix multiplication.
We improve known error-free transformations of matrix multiplication [2, 3]. Let
F be a set of floating-point numbers as defined by IEEE 754 [1]. We briefly
introduce error-free transformations. For A ∈ Fm×n and B ∈ Fn×p the matrices
A and B are divided into a sum of several floating-point matrices, respectively,
such that

A =
r∑

i=1

A(i), A(i) ∈ Fm×n, B =
s∑

i=1

B(i), B(i) ∈ Fn×p, r, s ∈ N,

where A(i) and B(j) are obtained in order to satisfy

A(i)B(j) = fl(A(i)B(j)) (1)

for all (i, j) pairs. Notation fl(·) means that all operations enclosed in the paren-
theses are evaluated by floating-point arithmetic. The equality (1) means that
no rounding error occurs in fl(A(i)B(j)). Assume that neither overflow nor un-
derflow occurs in fl(·) except fl(Ȧ(r)Ḃ(s)) described in the subsequent section.
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The matrix multiplication AB is transformed into a sum of rs floating-point
matrices such that

AB =
∑

1≤i≤r, 1≤j≤s

A(i)B(j).

Since (1) is satisfied, the matrix multiplication AB is transformed into

AB =
∑

1≤i≤r, 1≤j≤s

fl(A(i)B(j))

by using only floating-point arithmetic. This transformation is useful for accu-
rate computations for matrix multiplication [3] and interval enclosure of matrix
multiplication [4].

The matrices A(1), . . . , A(r), B(1), . . . , B(s) are obtained in order to satisfy
(1) for all (i, j) pairs in the previous work [3, 4]. In this paper we improve the
error-free splitting for A and B. The new method similarly produces

A =

r′∑
i=1

Ã(i), Ã(i) ∈ Fm×n, B =

s′∑
i=1

B̃(i), B̃(i) ∈ Fn×p, r′, s′ ∈ N.

As an advantage r′ ≤ r and s′ ≤ s are satisfied in many cases. Namely, the
proposed method reduces the number of matrix multiplications in the error-free
transformation compared to the corresponding original method.

2 Error-Free Transformation of Matrix Multiplication

Let u be the roundoff unit, for example, u = 2−53 in binary64. Let A(1) := A，
B(1) := B. A scalar β is defined as

β := 2βα , βα :=

⌈
log2 α− log2 u

2

⌉
, 1 ≤ α ≤ n. (2)

Vectors σ(w) and τ (v) are defined as

σ
(w)
i := 2β · 2g

(w)
i , τ

(v)
j := 2β · 2h

(v)
j ,

where

g
(w)
i :=

⌈log2 max
1≤j≤n

|a(w)
ij |⌉, if max

1≤j≤n
|a(w)

ij | ̸= 0

0, otherwise
,

h
(v)
j :=

⌈log2 max
1≤i≤n

|b(v)ij |⌉, if max
1≤i≤n

|b(v)ij | ̸= 0

0, otherwise
,

w = 1, 2, . . . , k, v = 1, 2, . . . , l. Let e ∈ Fn be a vector all elements of which are
ones. We compute the followings

A(w) := fl
(
(A(w) + σ(w) · eT )− σ(w) · eT

)
, A(w+1) := fl

(
A(w) −A(w)

)
,

B(v) := fl
(
(B(v) + e · (τ (v))

T
)− e · (τ (v))

T
)
, B(v+1) := fl

(
B(v) −B(v)

)
,



3

for w = 1, 2, . . . , k，v = 1, 2, . . . , l. Then,

A = A(1) +A(2) + · · ·+A(k), A(i) (1 ≤ i ≤ k) ∈ Fm×n,

B = B(1) +B(2) + · · ·+B(l), B(j) (1 ≤ j ≤ l) ∈ Fn×p.

If we set α = n in (2), namely,

βn :=

⌈
log2 n− log2 u

2

⌉
,

then, it is proved in [2] that (1) is satisfied for all (i, j) pairs.
In this report we replace β by a smaller constant βα (α < n) . Then, the

problem is that (1) is not always satisfied. Therefore, it is necessary to check
whether an error-free transformation is achieved or not.

Let a constant c be defined as

c := 2r, r ∈ N, fl
( c

2

)
̸= Inf, fl(c) = Inf.

If we use floating-point numbers in binary64 in IEEE 754, then c = 21024. Let
d1, d2 ∈ F such that

d1d2 = cu, d1 and d2 are powers of two.

For example, one can set d1 = 2486 and d2 = 2485 for binary64. Vectors x(k) ∈ Fm

and y(k) ∈ Fp are defined as

x
(k)
i :=

d1

uσ
(k)
i

, y
(k)
i :=

d2

uτ
(k)
i

.

The function diag(z) produces a diagonal matrix whose i-th diagonal element
is zi. Namely,

diag(z) =

 z1 O
. . .

O zn

 .

By using this function let two matrices Ȧ(k) and Ḃ(k) be defined as

Ȧ(k) := diag(x(k))A(k) = fl(diag(x(k))A(k)),

Ḃ(k) := B(k)diag(y(k)) = fl(B(k)diag(y(k))).

We give a theorem which guarantees fl(Ȧ(r)Ḃ(s)) = Ȧ(r)Ḃ(s).

Theorem 1. Let T (r,s) := Ȧ(r)Ḃ(s) and T̂ (r,s) := fl(Ȧ(r)Ḃ(s)). If

t̂
(r,s)
ij ̸∈ {Inf,−Inf, NaN}

is satisfied, then

t̂
(r,s)
ij = t

(r,s)
ij . (3)

If (3) is satisfied for all (i, j) pairs, then fl(Ȧ(r)Ḃ(s)) = Ȧ(r)Ḃ(s).
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If ȧ
(r)
ij ḃ

(s)
ij = fl(ȧ

(r)
ij ḃ

(s)
ij ) for all i, j, r and s, then the matrix multiplication

AB can be transformed into

AB =
∑

1≤i≤r, 1≤j≤s

diag(x(i))−1T̂ (i,j)diag(y(j))−1.

For computing matrix multiplication, high performance libraries of numerical
linear algebra are used, for example, BLAS (Basic Linear Algebra Subprograms).
Even if the routine ‘gemm’ in BLAS employs divide and conquer methods such
as Strassen’s method [5] or Winograd method [6], Theorem 1 is still true. On
the other hand, if such divide and conquer method is applied in gemm, then
(1) is not guaranteed in the previous work [2, 3]. An overview of the proof of
Theorem 1 and numerical examples will be shown in the presentation.
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