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§0 Introduction

K ⊂ S3: knot,
Mn: n-fold cyclic cover branched over K,
∆K(t) ∈ Z[t±1]: Alexander polynomial of K.

Theorem (Fox formula)

If ∆K(t) and tn − 1 have no common roots in C,
then

#H1(Mn;Z) =

∣∣∣∣∣
n∏
i=1

∆K(ζ in)

∣∣∣∣∣ ,
where #G denotes the order of a group G and
ζn is a primitive n-th root of unity.
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§0 Introduction

Theorem (asymptotic growth formula)

If ∆K(t) and tn − 1 have no common roots in C for
all n ∈ Z>0, then

lim
n→∞

1

n
log(#H1(Mn,Z)) = logM(∆K(t)),

where M(∆K(t)) is the Mahler measure of ∆K(t).

For f(t) ∈ Z[t±1], we define
the Mahler measure M(f(t)) of f(t) by

M(f(t)) := exp

(∫ 1

0

log |f(e2π
√
−1x)|dx

)
.

Ryoto TANGE (Kyushu Univ.) On a generalization of the Fox formula for twisted Alexander invariants December 26, 2017 4 / 19



§0 Introduction

Our aim is to generalize Fox formulas and

asymptotic growth formulas for

twisted Alexander invariants

associated to representations of knot groups
over rings of S-integers

OF,S := {a ∈ F | vp(a) ≥ 0 for all p ∈ SF \ S}.
(F : number field, S: set of finite primes of F )

(vp: additive valuation of F at p, SF : set of all finite primes of F )

Note that holonomy representations are representations of
hyperbolic knot groups over rings of S-integers.
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§0 Introduction

Our motivation is coming from Arithmetic Topology.

Number theory Knot theory

Iwasawa asymptotic formula for asymptotic growth formula for
p-ideal class groups knot modules

asymptotic formula for asymptotic growth formula for
Tate–Shafarevich/Selmer groups twisted knot modules
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§1 Twisted Alexander invariants

K ⊂ S3: knot,
XK := S3 \K,
GK := π1(XK).

R: commutative Noetherian UFD,
ρ : GK → GLm(R): representation.

α : GK → Gab
K ' 〈t〉: abelianization homomorphism.

GK = 〈g1, . . . , gq | r1 = · · · = rq−1 = 1〉,
Fq: free group on g1, . . . , gq,
π : R[Fq]→ R[GK ]: natural homomorphism of group R-algebras.

Φ := (ρ⊗ α) ◦ π : R[Fq] −→ Mm(R[t±1]).

Ryoto TANGE (Kyushu Univ.) On a generalization of the Fox formula for twisted Alexander invariants December 26, 2017 7 / 19



§1 Twisted Alexander invariants

P := (big) q × (q − 1) matrix, whose (i, j) component is

Φ

(
∂rj
∂gi

)
∈ M2(R[t±1]).

Ph: square matrix obtained by deleting the h-th row from P .

The twisted Alexander invariant of K associated to ρ:

∆K(ρ; t) :=
det(Ph)

det
(
Φ(gh − 1)

) (∈ Q(R)(t)
)
.
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§1 Twisted Alexander invariants

Example (K: trefoil)

GK = 〈g1, g2 | g1g2g1 = g2g1g2〉,

ρ : GK → SL2(Z); ρ(g1) =

(
1 1
0 1

)
, ρ(g2) =

(
1 0
−1 1

)
,

r1 = g1g2g1(g2g1g2)
−1,

∂r1
∂g1

= 1 + g1g2 − g2,

P1 = I2 + t2 · ρ(g1)ρ(g2)− t · ρ(g2),
Φ(g1 − 1) = t · ρ(g1)− I2.

det(P1) = (t2 + 1)(t− 1)2,
det
(
Φ(g1 − 1)

)
= (t− 1)2

 ∆K(ρ; t) = t2 + 1 ∈ Z[t±1].
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§1 Twisted Alexander invariants

X∞: infinite cyclic cover of XK ,
Vρ: representation space of ρ.

Proposition (Kirk–Livingston)

For any representation ρ : GK → GLm(R), we have

∆K,ρ(t) =
∆0(H1(X∞;Vρ))

∆0(H0(X∞;Vρ))
.

Corollary

A: PID.
For any irreducible representation ρ : GK → GLm(A), we have

∆K,ρ(t)
.
= ∆0(H1(X∞;Vρ)).

In particular, ∆K,ρ(t) is a Laurent polynomial over A.

ρ : GK → GLm(A) is an irreducible representation
def.⇔ GK

ρ→ GLm(A)→ GL2(Ap/pAp): irreducible (∀p ∈ Spec(A)).
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§2 Fox formulas for twisted Alexander invariants

Theorem (T.)

F : number field,
S: finite set of finite primes of F such that OF,S is a PID,
ρ : GK → GLm(OF,S): irreducible representation,
∆K,ρ(t) ∈ OF,S [t±1]: twisted Alexander invariant of K asso. to ρ.
If ∆K,ρ(t) 6= 0, and ∆K,ρ(t) and tn − 1 have no common roots in F ,

then we have

#H1(Xn;Vρ) =S

∣∣∣∣∣NF/Q

(
n∏
i=1

∆K,ρ(ζ
i
n)

)∣∣∣∣∣ ,
where Xn is the n-fold cyclic cover of XK ,
NF/Q : F → Q is a norm map, and
ζn is a primitive n-th root of unity.

m =S n
def⇔ m = npe11 · · · perr (e1, . . . , er ∈ Z, (pi) = pi∩Z, S = {p1, . . . , pr})
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§2 Fox formulas for twisted Alexander invariants

(Ideas of proof)
Wang sequences

Lemma

For any representation ρ : GK → GLm(R), we have an exact
sequence

0→ C∗(X∞;Vρ)
tn#−1→ C∗(X∞;Vρ)

pn#→ C∗(Xn;Vρ)→ 0.

· · · → H1(X∞;Vρ)
tn∗−1→ H1(X∞;Vρ)

pn∗→ H1(Xn;Vρ)
∂1,∗→ H0(X∞;Vρ)→ · · · .

Corollary

A: PID.
For any irreducible representation ρ : GK → GLm(A), we have

H1(Xn;Vρ) ' H1(X∞;Vρ)/(t
n − 1)H1(X∞;Vρ).
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§2 Fox formulas for twisted Alexander invariants

Resultants

f = f(t) = a

m∏
i=1

(t− ξi), g = g(t) = b

n∏
j=1

(t− ζj) ∈ OF,S [t].

We define the resultant Res(f, g) for f , g ∈ OF,S [t] by

Res(f, g) := ambn
∏
i,j

(ξi − ζj) = am
∏
i

g(ξi).

The resultant can be generalized for Laurent polynomials.

h := c−kt
−k + · · ·+ cnt

n ∈ OF,S [t±1],

where c−k and cn are non-zero, denote h̃ := tkh ∈ OF,S [t].
Then we define the resultant Res(f, g) for f , g ∈ OF,S [t±1] by

Res(f, g) := Res(f̃ , g̃).
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§2 Fox formulas for twisted Alexander invariants

Res(f, g) 6= 0 ⇔ f and g have no common roots in F .

Lemma

F : number field,
S: finite set of finite primes of F so that OF,S is a PID,
N : finitely generated OF,S [t±1]-module

having no submodule of finite length with rankF (N ⊗OF,S
F ) <∞.

Then
N/(tn − 1)N is a torsion OF,S-module
⇔ ∆0(N) and tn − 1 have no common roots in F .

When ∆0(N) and tn − 1 have no common roots in F , we have

#N/(tn − 1)N =S |NF/Q(Res(tn − 1, ∆0(N)))|.
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§3 Asymptotic growth formulas

Assume ∆K,ρ(t) and tn − 1 have no common roots in F (∀n ∈ Z>0).
Set ∆K,ρ(t) := NF/Q(∆K,ρ(t)) ∈ ZS0 [t±1], where
S0 = {p1 ∩ Z, . . . , pr ∩ Z}, and ZS0 is the ring of S0-integers of Q.
Then we have

#H1(Xn, Vρ) =S

n∏
i=1

∣∣∆K,ρ(ζ
i
n)
∣∣ .

|#H1(Xn, Vρ)|p =

n∏
i=1

∣∣∆K,ρ(ζ
i
n)
∣∣
p
.

(| · |p: p-adic absolute value on Qp normalized by |p|p = p−1)
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§3 Asymptotic growth formulas

For f(t) ∈ ZS0 [t±1], we define
the Mahler measure M(f(t)) of f(t) by

M(f(t)) := exp

(∫ 1

0
log |f(e2π

√
−1x)|dx

)
.

For f(t) ∈ Qp[t
±1] \ {0} with no root on roots of unity, we define

the Ueki p-adic Mahler measure Mp(f(t)) of f(t) by

Mp(f(t)) := exp

(
lim
n→∞

1

n

n∑
i=1

log |f(e
2π
√
−1
n

i)|p

)
.
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§3 Asymptotic growth formulas

Theorem (T.)

Assume ∆K,ρ(t) and tn − 1 have no common roots in F for all
n ∈ Z>0. When (p) /∈ S0, we have

lim
n→∞

1

n
log |#H1(Xn, Vρ)|p = logMp(∆K,ρ(t)).

When S = ∅, we have

lim
n→∞

1

n
log(#H1(Xn, Vρ)) = logM(∆K,ρ(t)).
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§4 Example

Let K be the figure-eight knot, whose knot group is given by

GK = 〈g1, g2 | g1g−12 g−11 g2g1 = g2g1g
−1
2 g−11 g2〉.

ρ : GK → SL2

(
Z
[

1 +
√
−3

2

])
; ρ(g1) =

(
1 1
0 1

)
, ρ(g2) =

(
1 0

1+
√
−3

2 1

)
,

where Z
[
1+
√
−3

2

]
is the ring of integers of Q(

√
−3). Then we have

∆K,ρ(t) = 1
t2 (t2 − 4t+ 1)

.
= t2 − 4t+ 1 and hence we have

#H1(XK ;Vρ) = NQ(
√
−3)/Q(−2) = 4,

#H1(X2;Vρ) = NQ(
√
−3)/Q(−12) = 144,

#H1(X3;Vρ) = NQ(
√
−3)/Q(−50) = 2500,

#H1(X4;Vρ) = NQ(
√
−3)/Q(−192) = 36864.

Since ∆K,ρ(t) = (t2 − 4t+ 1)2, we have

lim
n→∞

1

n
log(#H1(Xn, Vρ)) = 2 log(2 +

√
3).
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§5 Future work

For the case of former Example, we have

∆K,Ad(ρ)(t) =
1

t3
(t− 1)(t2 − 5t+ 1).

dual Selmer module
Sel∗(ρ∗p) := Ker

(
H1(Gp, ρ

∗
p)→ H1(Ip, ρ

∗
p)
)∗

.
twisted knot module = homological Selmer module

Coker
(
H1(〈µ〉, ρK)→ H1(GK , ρK)

)
=: Sel(ρK).

For the case of former Example, we have

Sel(Ad(ρ)) ' Z
[

1 +
√
−3

2

]
/
√
−3 Z

[
1 +
√
−3

2

]
.

On the other hand, we have

TXK ,µ(ρ) = ±
√
−3

2
(TXK ,µ : Porti torsion at meridian µ).

#Sel(Ad(ρ))
?∼ TXK ,µ(ρ)
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